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This article complements the results in Guilbaud (Biometrical Journal 2008; 50:678–692). Simultaneous conﬁdence regions were derived in that article that correspond to any given multiple testing
procedure (MTP) in a fairly large class of consonant closed-testing procedures based on marginal
p-values and weighted Bonferroni tests for intersection hypotheses. This class includes Holm’s MTP,
the ﬁxed-sequence MTP, gatekeeping MTPs, fallback MTPs, multi-stage fallback MTPs, and
recently proposed MTPs speciﬁed through a graphical representation and associated rejection
algorithm. More general conﬁdence regions are proposed in this article. These regions are such that
for certain underlying MTPs which are not alpha-exhaustive, they lead to conﬁdence assertions that
may be sharper than rejection assertions for some rejected null hypotheses H when not all Hs are
rejected, which is not the case with the previously proposed regions. In fact, various alternative
conﬁdence regions may be available for such an underlying MTP. These results are shown through an
extension of the previous direct arguments (without invoking the partitioning principle), and under
the same general setup; so for instance, estimated quantities and marginal conﬁdence regions are not
restricted to be of any particular kinds/dimensions. The relation with corresponding conﬁdence
regions of Strassburger and Bretz (Statistics in Medicine 2008; 27:4914–4927) is described. The results
are illustrated with fallback and parallel-gatekeeping MTPs.
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1 The Conﬁdence Regions Proposed in Guilbaud (2008)
This article complements the results in Guilbaud (2008). The general setup described in Sections 1.1,
1.2, and 3 of that article is understood, and we refer to that article for additional details about
assumptions, deﬁnitions, and notation, as well as illustrations. For convenience to the reader, this
section provides a summary of the general situation considered and of certain key results.
We are interested in making simultaneous inferences about speciﬁed quantities, y1 ; . . . ; ym , based
on marginal inferences about these quantities. In particular we are interested in simultaneous
assertions of the form ‘‘yi 2 Ri ’’ where Ri  Yi is a speciﬁed target region for yi , and if possible,
additional simultaneous assertions about the yi s. Here Yi is the set of potential yi -values, assumed
to be known; and Ri may correspond e.g. to a superiority, non-inferiority, or equivalence claim
aimed at in a conﬁrmatory clinical study.
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Moreover, for each i ¼ 1; . . . ; m: (i) pi is an available marginal p-value through which the
= Ri can be tested versus Hic : yi 2 Ri at any desired level 0ouo1 by
null hypothesis Hi : yi 2
rejecting Hi if and only if pi  u; (ii) Ci;g is an available marginal level-g conﬁdence region for yi
such that Pr½ yi 2 Ci;g   g for 0ogo1, and the family indexed by g of Ci;g s is such that with
probability one, Ci;g0  Ci;g00  Yi for 0og0 og00 o1, with the convention that Ci;g ¼ Yi if g ¼ 1;
and (iii) for any given level 0ouo1, the rejection event ½pi  u  occurs if and only if ½Ci;1u  Ri 
occurs, i.e.
½pi  u  ¼ ½Ci;1u  Ri :

ð1Þ

Neither the yi s, Ri s, nor the Ci;g s, are restricted to be of any particular kinds/dimensions; and yi s,
Ri s, and Ci;g s with distinct indexes i may be of diﬀerent kinds/dimensions.
A multiple testing procedure (MTP) in the Hommel, Bretz, and Maurer (2007, Section 2.2) class
of closed-testing procedures based on p1 ; . . . ; pm is used to make rejections in the family of null
hypotheses H1 ; . . . ; Hm , with type-I family-wise error rate controlled in the strong sense to be  a.
Here 0oao1 is assumed to be given. This class of MTPs is fairly large. It includes Holm’s (1979)
step-down MTP, the ﬁxed-sequence MTP, gatekeeping MTPs, fallback MTPs, and multi-stage
fallback MTPs; cf. Sections 2.3 and 3 for references and illustrations. It also includes the classes of
graphical MTPs considered in Bretz et al. (2009) and Burman, Sonesson, and Guilbaud (2009), cf.
Section 4.4.
An MTP in the Hommel et al. (2007, Section 2.2) class is deﬁned in terms of given weights
w1 ðIÞ; . . . ; wm ðIÞ, ; 6¼ I  f 1; . . . ; m g, that satisfy
Pm
0  wi ðIÞ  1 ;
i¼1 wi ðIÞ  1; and
ð2Þ
wi ðIÞ  wi ðJÞ for all i; I; J with i 2 J and J  I;
and rejections of Hi s are
P made through the following algorithm with steps 0; 1; 2; . . .. The MTP is
called a-exhaustive if
i2I wi ðIÞ ¼ 1 for each non-empty I  f 1; . . . ; m g. For example, Holm’s
(1979) MTP and the ﬁxed-sequence MTP are a-exhaustive, whereas the MTPs considered in Section
3 are not. In the sequel, M  f 1; . . . ; m g.
Algorithm 1 Step 0 : Set I1 ¼ M.
Step r  1: Set Sr ¼ f i 2 Ir ; wi ðIr Þ40 and pi  awi ðIr Þ g. If Sr ¼ ; then stop; else reject all Hi
with i 2 Sr , set Irþ1 ¼ Ir  Sr , and go to Step r þ 1.
The index-sets IReject and IAccept ¼ M  IReject of rejected and accepted Hi s are well-deﬁned
= I do
functions of p1 ; . . . ; pm , and jIReject j þ jIAccept j ¼ m. It is important to note that wi ðIÞ s with i 2
not inﬂuence the MTP, i.e. such wi ðIÞ s do not inﬂuence the behavior of the index-sets IReject and
IAccept .
Moreover, ymþ1 is any speciﬁed quantity of interest (typically a function of y1 ; . . . ; ym ) with
known set Ymþ1 of potential values, and Cmþ1;1a is any speciﬁed marginal conﬁdence region for
ymþ1 such that Pr½ ymþ1 2 Cmþ1;1a   1  a. The main result in Guilbaud (2008, Theorem 1) was

for y1 ; . . . ; ymþ1 deﬁned by
stated as follows in terms of the random regions C1 ; . . . ; Cmþ1
8
Ri
if i 2 IReject ;
>
>
<
R
[
C
if i 2 IAccept ;
i
i;1a
w
ðI
Þ
i Accept
ð3Þ
Ci ¼
C
if i ¼ m þ 1 and jIReject j ¼ m;
>
mþ1;1a
>
:
Ymþ1
if i ¼ m þ 1 and jIReject jom:
Note that the assertions ‘‘yi 2 Ci ’’ for i 2 IReject correspond to the rejections made through Algorithm 1, and hence extra ‘‘free’’ information is provided by the assertions ‘‘yi 2 Ci ’’ with i 2 IAccept ,

’’ in case jIReject j ¼ m. Note also that if jIReject jom, the assertion
or by the assertion ‘‘ymþ1 2 Cmþ1


then equals Ymþ1 .
‘‘ymþ1 2 Cmþ1 ’’ is non-informative in that Cmþ1
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Theorem 1. The random regions C1 ; . . . ; Cmþ1
given by Eq. (3) simultaneously cover y1 ; . . . ; ymþ1 ,
respectively, with probability satisfying

Pr½yi 2 Ci for all 1  i  m þ 1  1  a:

ð4Þ

It was shown in Guilbaud (2008, Section 3.2) how ymþ1 and Cmþ1;1a can be chosen to sharpen
inferences about y1 ; . . . ; ym in case jIReject j ¼ m, e.g. through the choice ymþ1 ¼ ðy1 ; . . . ; ym Þ and the
rectangular regions Cmþ1;1a in Guilbaud (2008, Eqs. (20) and (22)) that equal a direct product of
component regions for the components y1 ; . . . ; ym . Illustrations concerning clinical studies were then
given in Section 4 of that article, where y1 ; . . . ; ym , R1 ; . . . ; Rm , and C1;g ; . . . ; Cm;g were either onedimensional or D-dimensional.
The regions (3) have the property that when 1  jIReject jom, the only assertion that can be made
about a yi with i 2 IReject is the rejection assertion ‘‘yi 2 Ri ’’, because the additional assertion

’’ then is non-informative. It was mentioned in Guilbaud (2008, Section 5) that this
‘‘ymþ1 2 Cmþ1
drawback seems diﬃcult to circumvent if the underlying MTP is a-exhaustive, as is the case, e.g.
with Holm’s MTP and the ﬁxed-sequence MTP. However, it was also mentioned there that if the
MTP is not a-exhaustive, it is possible to get assertions for yi s with i 2 IReject that may be sharper
than rejection assertions when 1  jIReject jom. The following sections concern this latter possibility.

2 More General Conﬁdence Regions for y1 ; . . . ; ym
The main results about the simultaneous conﬁdence regions proposed in this article are given in the
following three subsections. The relation between these conﬁdence regions and the corresponding
conﬁdence regions of Strassburger and Bretz (2008) is described in the last paragraph of Section 2.1.
Illustrations are given in Section 3, and some additional results are given in Section 4.
2.1

The simultaneous conﬁdence regions

In addition to the previous assumptions, it is assumed that ymþ1 is an arbitrary but given function
hðy1 ; . . . ; ym Þ of y1 ; . . . ; ym , so that Cmþ1;1a covers ymþ1 ¼ hðy1 ; . . . ; ym Þ with probability  1  a. All
choices of ymþ1 considered in Guilbaud (2008, Section 3.2) to sharpen inferences about y1 ; . . . ; ym
are of this form, with ymþ1 equal to the vector (or a subvector of) ðy1 ; . . . ; ym Þ; so for comparison
purposes, it is assumed in the sequel that the same choice of ymþ1 ¼ hðy1 ; . . . ; ym Þ and Cmþ1;1a is
made in (3) and (4).
Moreover, for each i ¼ 1; . . . ; m, let Ci;mþ1;1a be the projection of Cmþ1;1a on the set Yi of
potential yi -values, given by
Ci;mþ1;1a ¼

fy 2 Yi ; there is a ðy1 ; . . . ; yi1 ; y; yiþ1 ; . . . ; ym Þ 2 Y1
such that hðy1 ; . . . ; yi1 ; y; yiþ1 ; . . . ; ym Þ 2 Cmþ1;1a g:

Ym
ð5Þ

Thus, for example, if ymþ1 and Cmþ1;1a are of the form
Cm ;
ð6Þ
ymþ1 ¼ ðy1 ; . . . ; ym Þ and Cmþ1;1a ¼ C1
where Ci  Yi is a component region for yi of the rectangular region Cmþ1;1a , as in Guilbaud
(2008, Eqs. (20) and (22)), then each Ci;mþ1;1a reduces to the component region Ci . Note from
Eq. (5) that if the coverage event ½ hðy1 ; . . . ; ym Þ 2 Cmþ1;1a  occurs, then each coverage event
½yi 2 Ci;mþ1;1a  with 1  i  m occurs, i.e.
ð7Þ
½ hðy1 ; . . . ; ym Þ 2 Cmþ1;1a   \1im ½yi 2 Ci;mþ1;1a ;
so in particular, the intersection event in the right-hand-side of (7) has probability  1  a.

The main result in this article, Theorem 2, is stated in terms of the random regions C1 ; . . . ; Cmþ1
for y1 ; . . . ; ymþ1 deﬁned as follows in terms of the index-sets IReject and IAccept , the weights wi ðIÞ
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satisfying (2) used in Algorithm 1, and the random sets Ci;mþ1;1a  Yi , 1  i  m, given by
Eq. (5). Recall from Section 1 that the wi ðIÞ s in (2) may equal 0, and that for 1  i  m,
by convention, Ci;g ¼ Yi if g ¼ 1. Now, for each i ¼ 1; . . . ; m þ 1, let
8
Ri
if i 2 IReject and jIReject j ¼ m;
>
>
>
>
R
\
ðC
[
C
Þ
if
i 2 IReject and jIReject jom;
< i
i;mþ1;1a
i;1a minfwi ðJÞ ; ;6¼JIAccept g

ð8Þ
Ci ¼ Ri [ Ci;1a wi ðIAccept Þ
if i 2 IAccept ;
>
>
>
Cmþ1;1a
if i ¼ m þ 1 and jIReject j ¼ m;
>
:
Ymþ1
if i ¼ m þ 1 and jIReject jom:
Clearly: (i) if jIReject j ¼ m, then Eq. (8) provides information about the yi s with i 2 IReject through
the rejection assertions ‘‘yi 2 Ri ’’ combined with the assertion ‘‘ymþ1 2 Cmþ1;1a ’’, as Eq. (3) provides, whereas (ii) if 1  jIReject jom, then Eq. (8) provides information about the yi s with i 2 IReject
through the assertions ‘‘yi 2 Ci ’’ where Ci  Ri , i.e. such assertions are at least as sharp as the
corresponding rejection assertions ‘‘yi 2 Ri ’’ that Eq. (3) provides.
The potential diﬀerence between the conﬁdence assertions about y1 ; . . . ; ym based on Eq. (8) and
those based on Eq. (3) thus lies only in the assertions about yi s with i 2 IReject when jIReject jom. It
turns out that if the underlying MTP is a-exhaustive, such assertions based on Eq. (8) are always
equal to the corresponding rejection assertions ‘‘yi 2 Ri ’’ based on Eq. (3). This is shown in Section
2.2. The case of particular interest is therefore when the MTP is not a-exhaustive, because it is only
then that assertions ‘‘yi 2 Ci ’’ with i 2 IReject based on Eq. (8) can be stricly sharper than rejection
assertions when jIReject jom. This case is considered in Section 2.3.

Theorem 2. The random regions C1 ; . . . ; Cmþ1
given by Eq. (8) simultaneously cover y1 ; . . . ; ymþ1 ,
respectively, with probability satisfying

Pr½yi 2 Ci for all 1  i  m þ 1  1  a:

ð9Þ

The proof of inequality (9) is given in the Supporting Information for this article. It is an
extension of the direct proof of inequality (4) given in Guilbaud (2008, Appendix).
The following particular choice of ymþ1 and Cmþ1;1a in (5), (7) and (8) is of interest in that it leads
to a simpliﬁcation of the conﬁdence regions for y1 ; . . . ; ym based on Eq. (8). Suppose for a moment
that ymþ1 and Cmþ1;1a are chosen to be of the form (6) with Bonferroni-type component
P regions
Ci ¼ Ci;1aBi , where B1 ; . . . ; Bm are arbitrary but given non-negative weights satisfying m
i¼1 Bi  1.
Then, Ci;mþ1;1a in (5), (7) and (8) equals Ci ¼ Ci;1aBi , and it can be veriﬁed (using Ci;g0  Ci;g00 
Yi for 0og0 og00  1, see Section 1) that the conﬁdence regions for y1 ; . . . ; ym based on Eq. (8)
reduce to

Ri \ Ci;1aw
if i 2 IReject ;

i ðIAccept Þ
Ci ¼
ð10Þ
Ri [ Ci;1a wi ðIAccept Þ
if i 2 IAccept ;
where w
i ðIAccept Þ: (i) is equal to Bi if IAccept ¼ ;, i.e. if jIReject j ¼ m; and (ii) is equal to the minimum
of Bi and minf wi ðJÞ ; ; 6¼ J  IAccept g if IAccept 6¼ ;, i.e. if jIReject jom. This means that the random

simultaneously cover y1 ; . . . ; ym , respectively, with probability  1  a. These
regions C1 ; . . . ; Cm
regions are used for the illustrations in Section 3, with certain underlying weights B1 ; . . . ; Bm .
We end this section by describing, in terms of the present setup, the closely related conﬁdence
regions of Strassburger and Bretz (2008, Eq. (8)). Brieﬂy: (i) they formulated their results in terms of
real-valued yi s, and one-sided Ri s and Ci;g s of the form Ri ¼ ðyi;0 ; 1Þ and Ci;g ¼ ðLi;g ; 1Þ; and (ii)
their conﬁdence regions for y1 ; . . . ; ym are of the form (10). These conﬁdence regions for y1 ; . . . ; ym
are thus somewhat less general than those based on Eq. (8) in that Cmþ1;1a in (5), (7) and (8) is not
limited to be rectangular or of Bonferroni type–see e.g. Guilbaud (2008, Eqs. (21) and (22)) for a
situation where Cmþ1;1a is rectangular but not of Bonferroni type. Actually, this situation illustrates the fact that Hsu and Berger (1999, Section 2) intervals constitute a special case
of Eq. (3), and thus of Eq. (8) (because the underlying ﬁxed-sequence MTP is a-exhaustive, see
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Section 2.2), whereas these intervals cannot be expressed as Eq. (10) because they are not based on
Bonferroni-type intervals when jIReject j ¼ m.

2.2

The case when the MTP is a-exhaustive

Suppose that the MTP given by Algorithm 1 is a-exhaustive, as, e.g. Holm’s (1979) MTP and the
ﬁxed-sequence MTP. Then, conﬁdence assertions about y1 ; . . . ; ym based on Eq. (8) are always equal
to those based on Eq. (3). To show this, note ﬁrst that the weights in (2) are such that wi ðfj g Þ ¼ 0 if
i 6¼ j. It follows that if i 2 IReject and jIReject jom, then in Eq. (8), min f wi ðJÞ ; ; 6¼ J  IAccept g ¼ 0, so
that Ci ¼ Ri \ ðCi;mþ1;1a [ Yi Þ ¼ Ri , which is equal to Ci ¼ Ri in Eq. (3). This means that the
conﬁdence regions for y1 ; . . . ; ym based on Eq. (8) always reduce to those based on Eq. (3).

2.3

The case when the MTP is not a-exhaustive

Suppose that the MTP given by Algorithm 1 is not a-exhaustive. Then typically (but see Section 4.3
for exceptions), it is possible to construct regions of the form (8) so that some conﬁdence assertions
‘‘yi 2 Ci ’’ with i 2 IReject can be strictly sharper than corresponding rejection assertions ‘‘yi 2 Ri ’’
based on (3) in case jIReject jom.
As a simple but important illustration of this, consider the Bonferroni MTP that, in terms of
given positive weights v1 ; . . . ; vm summing up to 1, has wi ðIÞ s in (2) given by wi ðIÞ ¼ ni , 1  i  m.
Clearly, this MTP is not a-exhaustive. Now, choose ymþ1 and Cmþ1;1a to be of the form (6) with
Bonferroni-type component regions Ci ¼ Ci;1avi . It follows that Ci;mþ1;1a equals Ci;1avi in Eqs. (5)
and (8). Moreover, also Ci;1a minfwi ðJÞ ; ;6¼JIAccept g equals Ci;1avi in Eq. (8), because wi ðJÞ ¼ ni does
not depend on J 6¼ ;; and it follows from Eq. (1) that with this Bonferroni MTP, i 2 IReject if and
only if Ci;1ani  Ri . It can then be veriﬁed that in Eq. (8), Ci ¼ Ri \ Ci;1ani ¼ Ci;1ani if i 2 IReject
and jIReject jom. This means that when 1  jIReject jom: (i) all conﬁdence assertions ‘‘yi 2 Ci ’’ with
i 2 IReject can be strictly sharper than the corresponding rejection assertions ‘‘yi 2 Ri ’’; and (ii) these
potentially sharper assertions consist of ordinary Bonferroni-adjusted marginal assertions. This is a
nice property of the regions (8).
MTPs that are not a-exhaustive have wi ðIÞ s often given with unnecessarily many 0 s. This is the
case e.g. for the fallback MTP (Wiens and Dmitrienko, 2005), the multi-stage fallback MTP
(Dmitrienko, Wiens, and Westfall, 2006b), and the Bonferroni parallel-gatekeeping MTP (Dmitrienko, Oﬀen, and Westfall, 2003). Typically, the given wi ðIÞ s for such an MTP are such that
wi ðfjgÞ ¼ 0 if i 6¼ j. As shown in Section 2.2, this relation implies that in Eq. (8), Ci ¼ Ri for
i 2 IReject when jIReject jom. This means that the conﬁdence regions for y1 ; . . . ; ym based on Eq. (8)
always reduce to those based on Eq. (3).
6 J  IAccept g in Eq. (8) depends on wi ðIÞ s with
However, a key point here is that minf wi ðJÞ ; ; ¼
i2
= I, whereas such wi ðIÞ s do not inﬂuence the MTP given by Algorithm 1, i.e. such wi ðIÞ s do not
=I
inﬂuence the behavior
P of the index-sets IReject and IAccept . We may thus try to modify wi ðIÞ s with i 2
w
ðIÞo1
in
such
a
way
that
some
conﬁdence
assertions
about
y
s
with
for I s for which
i
k2I k
i 2 IReject based on Eq. (8) may be strictly sharper than rejection assertions ‘‘yi 2 Ri ’’ when jIReject jom.
Of course, such modiﬁed wi ðIÞ s must be pre-speciﬁed. The next section provides details about such
modiﬁcations for two MTPs – a fallback MTP and a Bonferroni parallel-gatekeeping MTP.
= I was not used by Strassburger and Bretz (2008). For
The possibility of modifying wi ðIÞ s with i 2
example, the conﬁdence assertions about yi s with i 2 IReject for a fallback MTP proposed in their
Section 3.3 cannot be strictly sharper than rejection assertions when jIReject jom, whereas it is shown
in Section 3.1 that such sharper assertions are possible. In fact, it is shown there that one may
= I.
choose between various alternative modiﬁcations of wi ðIÞ s with i 2
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3 Illustrations with MTPs that are not a-exhaustive
To simplify the developments in this section, we consider only conﬁdence regions of the form (10)
with underlying weights B1 ; . . . ; Bm given by
Bi ¼ wi ðMÞ for i 2 M  f 1 ; . . . ; m g:

ð11Þ

The weights B1 ; . . . ; Bm are thus deﬁned in terms of the wi ðIÞ s with i 2 I in (2) that specify the MTP
given by Algorithm 1. As shown in connection with Guilbaud (2008, Eqs. (20)), the choice (11)
ensures that when jIReject j ¼ m, Ci ¼ Ci;1aBi  Ri (so that the assertion ‘‘yi 2 Ci ’’ can be strictly
sharper than the rejection assertion ‘‘yi 2 Ri ’’) for at least all indexes i in the rejection set S1 in Step
r ¼ 1 of Algorithm 1.
3.1

Fallback

Suppose that the sequence in which the null hypotheses H1 ; H2 ; . . . ; Hm are stated is relevant and
ﬁxed, e.g. with the rejection assertion ‘‘y1 2 R1 ’’ being of most importance, and the rejection
assertion ‘‘ym 2 Rm ’’ being of least importance. The fallback MTP is a generalization of the ﬁxedsequence MTP. It is deﬁned in terms of a priori given
a01 ; a02 ; . . . ; a0m associated with
Pm levels
0
0
0
H1 ; H2 ; . . . ; Hm , respectively, that satisfy ai  0 and
i¼1 ai ¼ a ; i.e. these ai s constitute a
Bonferroni-type split of a over the Hi s. Null hypotheses are then rejected in successive steps
r ¼ 1; 2; . . . ; m as follows. Step 1: set a1 ¼ a01 , and reject H1 if and only if p1  a1 ; Step r  2: set
ar ¼ a0r if Hr1 was not rejected, and ar ¼ ar1 þ a0r if Hr1 was rejected, and reject Hr if and only if
pr  ar . In contrast to the ﬁxed-sequence MTP, it may thus be possible to reject a Hi even if there
are preceding hypotheses that are not rejected. The fallback MTP reduces to the ﬁxed-sequence
¼ a0m ¼ 0.
MTP if a01 ¼ 1 and a02 ¼
The fallback MTP just described can also be deﬁned through Algorithm 1 with wi ðIÞ s in (2) that
depend on the levels a01 ; a02 ; . . . ; a0m , or equivalently, on the weights w01 ; w02 ; . . . ; w0m given by a0i ¼ w0i a,
1  i  m. Expressions for the wi ðIÞ s in terms of a01 ; a02 ; . . . ; a0m were given by Wiens and Dmitrienko
(2005, Appendix A). Here we view the fallback MTP as being
by w01 ; w02 ; . . . ; w0m . These
P speciﬁed
0
w
¼
1.
weights are thus a priori given, and they satisfy w0i  0 and m
i¼1 i
In the sequel we consider the special case with m ¼ 3 null hypotheses H1 ; H2 ; H3 . Table 1 summarizes how the wi ðIÞ s are deﬁned in terms of the weights w01 ; w02 ; w03 in this case. This table
corresponds to Wiens and Dmitrienko (2005, Table 1).
It is clear from Table 1 that the fallback MTP is not a-exhaustive, except in the special case
with w01 ¼ 1 and w02 ¼ w03 ¼ 0 that corresponds to the ﬁxed-sequence MTP. It is also clear that,
Table 1 Weights wi (I) for a fallback MTP with m 5 3 null hypotheses H1, H2, H3 based on given
non-negative weights w01 ; w02 ; w03 summing up to 1. Modiﬁed values (subject to the restrictions (2)) in
the marked cells do not inﬂuence the behavior of the index-sets IReject and IAccept of
the MTP.
I

w1 (I)

w2 (I)

w3 (I)

f1; 2; 3g
f1; 2g
f1; 3g
f1g
f2; 3g
f2g
f3g

w01
w01
w01
w01
0
0
0

w02
w02
0
0
w01 þ w02
w01 þ w02
0

w03
0
w02 þ w03
0
w03
0
1
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depending on the given values of w01 ; w02 ; w03 , some (possibly all) of the 0 s in the ﬁve marked cells in
Table 1 can be increased to positive values without violating (2) or modifying the MTP, i.e. without
inﬂuencing the behavior of the index-sets IReject and IAccept . To simplify developments and avoid
certain trivial complications, it is supposed in the sequel that the weights w01 ; w02 ; w03 in Table 1 satisfy
w01  w02  w03 40. See Hommel and Bretz (2008, p. 662) for a discussion about these weights.
We now show that it is possible to modify 0 s in the marked cells in Table 1 in such a way that
some conﬁdence assertions about yi s with i 2 IReject based on Eqs. (10) and (11) can be strictly
sharper than rejection assertions ‘‘yi 2 Ri ’’ when 1  jIReject jo3. Note from the ﬁrst row of Table 1
that Eq. (11) means that the weights B1 ; B2 ; B3 underlying Eq. (10) are equal to w01 ; w02 ; w03 ,
respectively. Table 2 gives various alternative choices of modiﬁed wi ðIÞ s, as well as corresponding
0
w
i ðIÞ s, in terms of a parameter x satisfying 0  x  w3 whose value has to be pre-speciﬁed; and
ðI
Þ
the last row of this table gives the value of w
Accept in Eq. (10) that follows from Eq. (11) if
i
IAccept ¼ ;, i.e. if jIReject j ¼ 3.
For example, according to the deﬁnition of w
i ðIÞ given in connection with Eq. (10): (i)

w3 ðf1; 2gÞ equals the minimum of B3 ¼ w03 and the minimum over I ¼ f1; 2g; f1g; f2g of w3 ðIÞ, so
0

0
w
3 ðf 1; 2gÞ ¼ x because w3 ðf2gÞ ¼ x and x  w3 ; (ii) w2 ðf1gÞ equals the minimum of B2 ¼ w2 and

0
the minimum over I ¼ f1g of w2 ðIÞ (i.e. a minimum over a single I-value), so w2 ðf1gÞ ¼ w2 because
0
w2 ðf1gÞ ¼ w02 ; and (iii) w
1 ðf2gÞ equals the minimum of B1 ¼ w1 and the minimum over I ¼ f2g of
0
0
ðf2gÞ
¼
w
w1 ðIÞ (i.e. a minimum over a single I-value), so w
1
3  x because w1 ðf2gÞ ¼ w3  x and
ðIÞ
s
in
Table
2
are
to
be
used
in
Eq.
(10)
with
I
¼ IAccept .
w03  x  w03  w01 . The wi ðIÞ s and w
i
The value of x 2 ½0 ; w03  in Table 2 inﬂuences the properties of the resulting conﬁdence regions
(10), and hence a user has the possibility to choose this value accordingly. The behavior of these
conﬁdence regions is considered in Sections 3.1.1 and 3.1.2 under the speciﬁcations x 5 0 and
x ¼ w03 , respectively. It should be clear from the results in these two sections that (and how) an
intermediate speciﬁcation 0oxow03 leads to an intermediate behavior. An example based on clinical
study data and the speciﬁcation x 5 0 is given in Section 3.1.3.
3.1.1 Modiﬁed wi ðIÞ s given by the pre-speciﬁcation x ¼ 0 in Table 2
Let us ﬁrst consider what happens in this case when IReject ¼ f2; 3g, i.e. when IAccept ¼ f1g. Then,
according to the previous description of how the fallback MTP successively rejects in steps in the
sequence H1 ; H2 ; H3 , we have p1 4w01 a, p2  w02 a, and p3  ðw02 þ w03 Þa. In particular, it follows from

Table 2 Weights wi (I) and w
i ðIÞ to be used in Eq. (10) with I 5 IAccept for a fallback MTP with
m 5 3 null hypotheses H1, H2, H3 based on given weights w01  w02  w03 40 summing up to 1 and a
given x 2 ½0; w03 . The value of x does not inﬂuence the behavior of the index-sets IReject and IAccept
of the MTP, but it does inﬂuence the behavior of the simultaneous conﬁdence regions (10)
I
f1; 2; 3g
f1; 2g
f1; 3g
f1g
f2; 3g
f2g
f3g
;

w1 (I)
w01
w01
w01
w01
0
w03  x
0

w2 (I)

w3 (I)

w02
w02
0
w02
w01 þ w02
w01 þ w02
0

w03
w03
w02 þ w03
w03
w03
x
1
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Eq. (1) that C2;1aw02  R2 , and thus from Eq. (10) and Table 2 that the region C2 for y2 equals
R2 \ C2;1aw02 ¼ C2;1aw02 . This shows that the conﬁdence assertion ‘‘y2 2 C2 ’’ can be strictly
sharper than the rejection assertion ‘‘y2 2 R2 ’’. Moreover, if p3 is not only  ðw02 þ w03 Þa but also
 w03 a, then it follows from Eq. (1) that C3;1aw03  R3 , and thus from Eq. (10) and Table 2 that the
region C3 for y3 equals R3 \ C3;1aw03 ¼ C3;1aw03 . This shows that the conﬁdence assertion
‘‘y3 2 C3 ’’ can be strictly sharper than the rejection assertion ‘‘y3 2 R3 ’’, though only if p3  w03 a.
Next, let us consider what happens when IReject ¼ f1; 3g, i.e. when IAccept ¼ f2g. Then we have
p1  w01 a, p2 4ðw01 þ w02 Þa, and p3  w03 a. If p1 is not only  w01 a but also  w03 a, then it follows from
Eq. (1) that C1;1aw03  R1 , and thus from Eq. (10) and Table 2 that the region C1 for y1
equals R1 \ C1;1aw03 ¼ C1;1aw03 . This shows that the conﬁdence assertion ‘‘y1 2 C1 ’’ can be
strictly sharper than the rejection assertion ‘‘y1 2 R1 ’’, though only if p1  w03 a. Moreover,
it follows from Table 2 that irrespective of how small p3 is, the region C3 for y3 equals
R3 \ C3;1a0 ¼ R3 \ Y3 ¼ R3 . This shows that the conﬁdence assertion ‘‘y3 2 C3 ’’ equals the
rejection assertion ‘‘y3 2 R3 ’’.
It can be veriﬁed by considering all possible sets IReject , that no other sets IReject with 1 
jIReject jo3 than f 2; 3g and f 1; 3g can lead to a conﬁdence assertion ‘‘yi 2 Ci ’’ with i 2 IReject that is
strictly sharper than the corresponding rejection assertion ‘‘yi 2 Ri ’’.
Finally, let us consider what happens when IReject ¼ f1; 2; 3g, i.e. when IAccept ¼ ;. Then we have
p1  w01 a, p2  ðw01 þ w02 Þa, and p3  a, whereas the regions C1 , C2 , and C3 reduce to
R1 \ C1;1aw01 , R2 \ C2;1aw02 , and R3 \ C3;1aw03 , respectively. It thus follows from Eq. (1) that: (i) the
conﬁdence assertion ‘‘y1 2 C1 ’’ can be strictly sharper than the rejection assertion ‘‘y1 2 R1 ’’; and
(ii) the conﬁdence assertions ‘‘y2 2 C2 ’’ and ‘‘y3 2 C3 ’’ can be strictly sharper than the rejection
assertions ‘‘y2 2 R2 ’’ and ‘‘y3 2 R3 ’’, though only if p2  w02 a and p3  w03 a, respectively.
In summary, some conﬁdence assertions about yi s with i 2 IReject based on Eq. (10) and Table 2
with x 5 0 can be strictly sharper than the corresponding rejection assertions when IReject equals f1; 3g,
f2; 3g, and f1; 2; 3g. In particular: (i) a conﬁdence assertion about y1 strictly sharper than a rejection
assertion is possible when IReject ¼ f1; 3g and IReject ¼ f1; 2; 3g; and (ii) a conﬁdence assertion about y3
strictly sharper than a rejection assertion is possible when IReject ¼ f2; 3g and IReject ¼ f1; 2; 3g.
3.1.2 Modiﬁed wi ðIÞ s given by the pre-speciﬁcation x ¼ w03 in Table 2
We do not give all details in this case, but compared with the previous results based on the
speciﬁcation x 5 0, the following diﬀerences can be veriﬁed. A conﬁdence assertion about y1 strictly
sharper than a rejection assertion is now possible only when IReject ¼ f1; 2; 3g, because the value of
0
w
1 ðf 2gÞ has decreased from w3 to 0. However, this is compensated in that a conﬁdence assertion
about y3 strictly sharper than a rejection assertion is now possible not only when IReject ¼ f2; 3g and
IReject ¼ f1; 2; 3g, but also when IReject ¼ f2g and IReject ¼ f1; 2g, because the values of w
3 ðf2gÞ and
0
ðf1;
2gÞ
have
both
increased
from
0
to
w
.
w
3
3
3.1.3 Example
Hartung et al. (2002) reported results from a study in which two doses of mitoxantrone were
compared with placebo in multiple sclerosis patients with respect to ﬁve primary eﬃcacy variables
through a ﬁxed-sequence MTP. Wiens and Dmitrienko (2005, Section 4) illustrated their results in
terms of the (exploratory) lower-dose comparison, whereas we consider the (conﬁrmatory) higherdose comparison, because marginal conﬁdence intervals for diﬀerences are available for that
comparison. To illustrate the previous developments about Fallback MTPs with m ¼ 3, we use only
the ﬁrst three primary eﬃcacy variables. Brieﬂy, these variables are, in relevant order: Y1 ¼ change
from baseline of expanded disability status scale, Y2 ¼ change from baseline of ambulation index,
and Y3 ¼ number of relapses treated
 with corticosteroids.

For each i ¼ 1; 2; 3, the comparison was
in terms of the quantity yi ¼ Pr Yi0 4Yi00  Pr Yi0 oYi00 , where Yi0 and Yi00 denote independent
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random Yi -variables from underlying patient populations treated with placebo and active dose,
respectively; the aim was to show that yi 40, i.e. to reject the null hypothesis that yi  0. The
following marginal two-sided 95% conﬁdence intervals for y1 , y2 , y3 with endpoints of the form
y^ i 1:96 SEi were reported by Hartung et al. (2002, Table 2), respectively: ð0:04; 0:44Þ, ð0:02; 0:40Þ,
and ð0:18; 0:59Þ. These are large-sample intervals based on the fact (Lachin, 1992, Section 2) that
asymptotically, each ðy^ i  yi Þ=SEi has a standard normal distribution Nð0; 1Þ. We now use these
results to illustrate how the simultaneous conﬁdence regions (10) for y1 , y2 , y3 based on a Fallback
MTP and Table 2 with x 5 0 are constructed, and how they behave.
For each i ¼ 1; 2; 3, let: Yi ¼ ð1; 1Þ, Ri ¼ ð0; 1Þ, pi ¼ Fðy^ i =SEi Þ, and Ci;g ¼ ðy^ i  zg SEi ; 1Þ; cf.
Section 1. Here F denotes the standard normal distribution function, and zg ¼ F1 ðgÞ; so
= Ri versus
asymptotically, relation (1) between the marginal p-value pi for the one-sided Hi : yi 2
Hic : yi 2 Ri and the family indexed by g of marginal one-sided conﬁdence intervals Ci;g for yi is
satisﬁed. The Ri s, the estimates y^ i and SEi (based on the reported two-sided intervals), and the
corresponding pi s are listed in Table 3 under the subheading Outcome Scenario 1. An alternative
Outcome Scenario 2 is also given in Table 3 where the value of y^ 1 (of y^ 2 ) has been increased
(decreased).
Now, suppose we had pre-speciﬁed that, based on these quantities, and with a ¼ 0:025, we would:
(i) reject Hi s through the Fallback MTP given by Table 1 with weights w01 ¼ 0:5, w02 ¼ 0:25,
w01 ¼ 0:25; and (ii) construct corresponding simultaneous 1a conﬁdence regions (10) for y1 , y2 , y3
based on Table 2 with x 5 0 as described in Section 3.1.1. This choice of w01 ; w02 ; w03 is consistent
(Hommel and Bretz, 2008, p. 662) with the given sequence H1 ; H2 ; H3 in that for each I, the wi ðIÞ s in
Table 1 satisfy wi ðIÞ  wj ðIÞ for any i  j in I. Under Outcome Scenario 1, the Fallback MTP rejects
all H1 ; H2 ; H3 , and hence IAccept ¼ ;, whereas under Outcome Scenario 2, only H1 and H3 are
rejected, so IAccept ¼ f2g. The value of the weights w
i ðIAccept Þ and wi ðIAccept Þ in Eq. (10), as well as
the resulting simultaneous 1  a conﬁdence intervals Ci , are listed in Table 3 for each outcome
scenario.
Note that under Outcome Scenario 1, the conﬁdence assertion ‘‘y2 2 C2 ’’ is not sharper than
the rejection assertion ‘‘y2 2 R2 ’’, because p2 is not  w02 a ; cf. the penultimate paragraph of Section
3.1.1. Note also that under Outcome Scenario 2, the conﬁdence assertion ‘‘y3 2 C3 ’’ is not sharper
than the rejection assertion ‘‘y3 2 R3 ’’ although p3 is very small; cf. the second paragraph of Section
3.1.1. However, under each outcome scenario, there is at least one i 2 IReject for which the conﬁdence assertion ‘‘yi 2 Ci ’’ is strictly sharper than the corresponding rejection assertion
‘‘yi 2 Ri ’’. Outcome Scenario 2 illustrates the fact that conﬁdence assertions ‘‘yi 2 Ci ’’ with
Table 3 Values of quantities involved in simultaneous 1a conﬁdence regions (10) for y1, y2, y3
based on Table 2 with w01 ¼ 0:5, w02 ¼ 0:25, w03 ¼ 0:25, x 5 0, and a 5 0.025, under two outcome
scenarios. The underlying fallback MTP based on wi (I) s with iAI in Table 2 leads to IAccept ¼ ;
under Outcome Scenario 1, and to IAccept ¼ f2g under Outcome Scenario 2.
Outcome Scenario 1

Outcome Scenario 2

Quantity

i51

i52

i53

i51

i52

i53

Ri
y^ i
SEi
pi
w
i ðIAccept Þ
wi ðIAccept Þ
Ci

(0,1)
0.240
0.102
0.0093
0.5
–
(0.011,1)

(0,1)
0.210
0.097
0.0151
0.25
–
(0,1)

(0,1)
0.385
0.105
0.0001
0.25
–
(0.124,1)

(0,1)
0.300
0.102
0.0016
0.25
–
(0.045,1)

(0,1)
0.190
0.097
0.0250
–
0.75
(0.012,1)

(0,1)
0.385
0.105
0.0001
0
–
(0,1)
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i 2 IReject based on Eqs. (8) and (10) can be strictly sharper than rejection assertions also in case
jIReject jom, in contrast to those based on Eq. (3).

3.2

Bonferroni parallel gatekeeping

Bonferroni parallel gatekeeping was introduced by Dmitrienko et al. (2003), and further developed
by Dmitrienko et al. (2006a) and Guilbaud (2007); see also Dmitrienko, Tamhane, and Wiens
(2008). Here we consider the simple MTP used by Dmitrienko et al. (2003, Section 2.1). This is an
MTP for m ¼ 4 null hypotheses Hi grouped into two subfamilies, F1 ¼ fH1 ; H2 g and F2 ¼ fH3 ; H4 g;
where F1 is a parallel gatekeeper for F2 in that no Hi in F2 can be rejected unless at least one Hi in F1
is rejected. This MTP can be interpreted (Dmitrienko et al., 2006a) as a two-step procedure with:
(i) rejections in F1 in Step 1 through a Bonferroni MTP with equal weights at local multiple level a;
and (ii) rejections in F2 in Step 2 through a Holm MTP with equal weights at local multiple level
ðr1 =2Þa. Here r1 equals the number of rejections in Step 1; Step 2 is not performed if r1 ¼ 0.
The weights wi ðIÞ, 1  i  4, of this MTP are given by the rows with I 6¼ ; in Table 4, where the
values 0.5 in the two marked cells should be replaced by 0 s. These weights correspond to the ones in
Dmitrienko et al. (2003, Table 1).
It is clear from Table 4 (with 0 s in the two marked cells) that this MTP is not a-exhaustive.
It is also clear that the 0 s in the two marked cells can be increased to any positive values  0:5
without violating (2) or modifying the MTP, i.e. without inﬂuencing the behavior of the index-sets
IReject and IAccept .
We now show that with the modiﬁcations in the two marked cells (i.e. with 0 s increased to 0.5 ) in
Table 4, some conﬁdence assertions about yi s with i 2 IReject based on Eqs. (10) and (11) can be
strictly sharper than rejection assertions ‘‘yi 2 Ri ’’ when 1  jIReject jo4. Note from the ﬁrst row of
Table 4 that Eq. (11) means that the weights B1 ; B2 ; B3 ; B4 underlying Eq. (10) are equal to 0.5, 0.5,
0, 0, respectively. Table 4 gives the w
i ðIÞ s resulting from the modiﬁed wi ðIÞ s, and its last row gives
ðI
Þ
in
Eq.
(10)
that follows from Eq. (11) if IAccept ¼ ;, i.e. if jIReject j ¼ 4. For
the value of w
Accept
i

example, according to the deﬁnition of w
i ðIÞ given in connection with Eq. (10): (i) w2 ðf1gÞ equals
the minimum of B2 ¼ 0:5 and the minimum over I ¼ f1g of w2 ðIÞ (i.e. a minimum over a single

I-value), so w
2 ðf1gÞ ¼ 0:5 because w2 ðf1gÞ ¼ 0:5; and (ii) w3 ðf1gÞ equals the minimum of B3 ¼ 0

and the minimum over I ¼ f1g of w3 ðIÞ, so w3 ðf1gÞ ¼ 0. The wi ðIÞ s and w
i ðIÞ s in Table 4 are to
be used in Eq. (10) with I ¼ IAccept .
Let us ﬁrst consider what happens when IReject ¼ f2; 3; 4g, i.e. when IAccept ¼ f1g. Then, according
to the previously mentioned two-step interpretation of the MTP, we have p1 40:5a, p2  0:5a,
p3 ^ p4  0:25a, and p3 _ p4  0:5a. Here we use the notation a ^ b and a _ b for min ða; bÞ and
max ða; bÞ, respectively. In particular, it follows from Eq. (1) that C2;1a0:5  R2 , and thus from
Eq. (10) and Table 4 that the region C2 for y2 equals R2 \ C2;1a0:5 ¼ C2;1a0:5 . This shows that the
conﬁdence assertion ‘‘y2 2 C2 ’’ can be strictly sharper than the rejection assertion ‘‘y2 2 R2 ’’.
Moreover, it can be veriﬁed that the conﬁdence assertions ‘‘y3 2 C3’’ and ‘‘y4 2 C4’’ are

equal to the rejection assertions ‘‘y3 2 R3 ’’ and ‘‘y4 2 R4’’, because w
3 ðIAccept Þ ¼ w4 ðIAccept Þ ¼ 0
in (10).
Similarly (by symmetry), when IReject ¼ f1; 3; 4g, the conﬁdence assertion ‘‘y1 2 C1 ’’ 5
‘‘y1 2 C1;1a0:5 ’’ can be strictly sharper than the rejection assertion ‘‘y1 2 R1 ’’, whereas the conﬁdence assertions ‘‘y3 2 C3 ’’ and ‘‘y4 2 C4 ’’ are equal to the rejection assertions ‘‘y3 2 R3 ’’ and
‘‘y4 2 R4 ’’.
It can be veriﬁed by considering all possible sets IReject , that no other sets IReject with 1 
jIReject jo4 than f2; 3; 4g and f1; 3; 4g can lead to a conﬁdence assertion ‘‘yi 2 Ci ’’ with i 2 IReject
that is strictly sharper than the corresponding rejection assertion ‘‘yi 2 Ri ’’.
Finally, let us consider what happens when IReject ¼ f1; 2; 3; 4g, i.e. when IAccept ¼ ;. According to
the two-step interpretation of the MTP, we have p1  0:5a, p2  0:5a, p3 ^ p4  0:5a, and
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Table 4 Weights wi (I) and w
i ðIÞ to be used in (10) with I 5 IAccept for a Bonferroni parallelgatekeeping MTP with m 5 4 null hypotheses in two subfamilies, F1 ¼ f H1 ; H2 g and F2 ¼ fH3 ; H4 g.
The speciﬁed value 0.5 in the two marked cells does not inﬂuence the behavior of the index-sets IReject
and IAccept of the MTP, but it does inﬂuence the behavior of the simultaneous conﬁdence regions
(10).
I

w1 (I)

w2 (I)

w3 (I)

w4 (I)

f1; 2; 3; 4g
f1; 2; 3g
f1; 2; 4g
f1; 2g
f1; 3; 4g
f1; 3g
f1; 4g
f1g
f2; 3; 4g
f2; 3g
f2; 4g
f2g
f3; 4g
f3g
f4g
;

0.5

0.5

0

0

0.5
0.5
0.5
0.5
0.5
0.5
0
0
0
0.5
0
0
0

0.5
0.5
0
0
0
0.5
0.5
0.5
0.5
0.5
0
0
0

0
0
0.25
0.5
0
0
0.25
0.5
0
0
0.5
1
0

0
0
0.25
0
0.5
0
0.25
0
0.5
0
0.5
0
1

w
1 ðIÞ

w
2 ðIÞ

0
0
0
0.5
0
0
0
0.5
0
0
0
0.5

w
3 ðIÞ

w
4 ðIÞ

0
0

0
0

0
0

0
0

0
0
0
0
0
0.5

0
0

0
0

0

p3 _ p4  a. It can then be veriﬁed from Eq. (10) and Table 4 that: (i) the regions C1 and C2
reduce to the Bonferroni-type regions R1 \ C1;1a0:5 ¼ C1;1a0:5 and R2 \ C2;1a0:5 ¼ C2;1a0:5 , so
that the conﬁdence assertions ‘‘y1 2 C1 ’’ and ‘‘y2 2 C2 ’’ can be strictly sharper than the corresponding rejection assertions ‘‘y1 2 R1 ’’ and ‘‘y2 2 R2 ’’, whereas (ii) the regions C3 and C4
reduce to R3 \ C3;1a0 ¼ R3 \ Y3 ¼ R3 and R4 \ C4;1a0 ¼ R4 \ Y4 ¼ R4 , so that irrespective of
how small p3 and p4 are, the conﬁdence assertions ‘‘y3 2 C3 ’’ and ‘‘y4 2 C4 ’’ are equal to the
rejection assertions ‘‘y3 2 R3 ’’ and ‘‘y4 2 R4 ’’.
In summary, conﬁdence assertions about yi s with i 2 IReject \ f1; 2g based on Eq. (10) and Table 4
can be strictly sharper than the corresponding rejection assertions when IReject equals f2; 3; 4g,
f1; 3; 4g, and f1; 2; 3; 4g, whereas conﬁdence assertions about yi s with i 2 IReject \ f3; 4g are always
equal to the corresponding rejection assertions.

4 Concluding Comments and Additional Results
Some general comments concerning a priori speciﬁcations/choices are made in Sections 4.1 and 4.2.
It is shown in Section 4.3 that there are MTPs which are not a-exhaustive and for which the
conﬁdence regions for y1 ; . . . ; ym based on Eq. (8) are always equal to those based on Eq. (3).
Finally, some remarks are made in Section 4.4 about graphical MTPs considered in Bretz et al.
(2009) and in Burman et al. (2009).

4.1

Required pre-speciﬁcations given the MTP

A practical aspect with the proposed conﬁdence regions for y1 ; . . . ; ym is that one has to make
various pre-speciﬁcations. In particular there is some ﬂexibility in the choice of ymþ1 and Cmþ1;1a to
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be used to sharpen inferences about y1 ; . . . ; ym , and some possibilities in this context were mentioned
in Guilbaud (2008, Section 3.2). If the MTP is not a-exhaustive, there is the additional ﬂexibility in
= I to be used in (8) described in Section 2.3. The illustrations in Section 3
the choice of wi ðIÞ s with i 2
are based on conﬁdence regions of the form (10) with the particular choice (11) of underlying
weights B1 ; . . . ; Bm . As shown in Section 3.1, even with this considerable restriction on the regions
considered, there may be various alternative choices of wi ðIÞ s with i 2
= I that are possible. This
ﬂexibility means that one has the opportunity to take the behavior of the corresponding alternative
conﬁdence regions into account when one makes the choice. Regions based on Eq. (10) may often
be reasonable, but of course, depending on the situation considered, other regions may sometimes
be preferable, e.g. regions (8) with ymþ1 and Cmþ1;1a of the form (6) where the components Ci of the
rectangular region Cmþ1;1a are not of Bonferroni type, as in Guilbaud (2008, Eqs. (21) and (22)).

4.2

Choice between an MTP that is not a-exhaustive and an improved version that is

An MTP that is not a-exhaustive can be improved to reject more by replacing its wi ðIÞ s by w0i ðIÞ s
such that w0i ðIÞ  wi ðIÞ for i 2 I that satisfy (2) and are such that the resulting MTP becomes
= I). An example of this is the Bonferroni MTP that can be improved
a-exhaustive (so w0i ðIÞ ¼ 0 if i 2
to Holm’s MTP based on the same weights.
One may therefore have a choice between using either: (i) an MTP that is not a-exhaustive for
which conﬁdence assertions are possible that may be strictly sharper than rejection assertions for
some rejected Hi s in case not all Hi s are rejected; or (ii) a corresponding a-exhaustive MTP with
potentially more rejections and sharper conﬁdence assertions for nonrejected Hi s, but with conﬁdence assertions equal to rejection assertions for rejected Hi s in case not all Hi s are rejected. In
conﬁrmatory clinical studies where rejection assertions are of particular importance, this kind of
choice will probably often be in favor of the a-exhaustive MTP. However, other aspects than
rejection power may sometimes be involved in such considerations. The appropriate choice may
then not always be evident.
To illustrate such considerations, consider the parallel-gatekeeping MTP in Section 3.2. The
weights w0i ðIÞ of the corresponding improved MTP are obtained by keeping the original two 0 s in
the marked cells of Table 4, and increasing the remaining single 0.5-value among the wi ðIÞ s to 1 in
each of the two rows with a marked cell. This improved MTP can be interpreted (Guilbaud, 2007,
Section 5.1) as follows. If the two-step procedure mentioned in the ﬁrst paragraph of Section 3.2
results in a rejection index-set equal to either f2; 3; 4g or f1; 3; 4g, then one goes back in a third step to
the single non-rejected Hi in F1 ¼ fH1 ; H2 g, and reject this Hi if and only if pi  a. This three-step
interpretation shows that Holm-type rejections are made in F1 , but only if the entire F2 ¼ fH3 ; H4 g
is rejected in the second step. Thus, compared with the Holm-type rejections one would be able to
make in F1 if there were no F2 , the eﬀect/cost of also considering potential rejections in F2 lies in
that possibly less is rejected in F1 . This dependence of rejections in F1 on rejections in F2 is quite
natural and should, to the author’s opinion, hardly undermine the credibility of a rejection in F1
through the third step. This kind of dependence has been debated; see e.g. the discussion about the
‘‘independence condition’’ at the end of Dmitrienko and Tamhane (2007, Section 2), and about
‘‘Condition 1’’ in Hommel et al. (2007, Section 4).
Hence, for the sake of discussion, suppose that the dependence on rejections in F2 is considered
undesirable, and that one prefers to use the original two-step MTP that is not a-exhaustive. Then,
= Ri will be rejected through this two-step
instead of just pre-specifying that null hypotheses Hi : yi 2
MTP to show that yi s belong to target regions Ri , one may, for example, pre-specify that conﬁdence
regions for y1 ; . . . ; y4 based on Eq. (10) and Table 4 will be constructed as described in Section 3.2.
The resulting conﬁdence assertions, including the implied rejection assertions ‘‘yi 2 Ri ’’ for
i 2 IReject from the MTP itself, will be simultaneously correct with conﬁdence  1  a; and one then
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has the possibility of getting assertions that are strictly sharper than rejection assertions for the yi s
with i 2 IReject \ f1; 2g, possibly much sharper.
It should be observed, though, from the developments in Section 3.2 that the sharper assertions
just mentioned about yi s with i 2 IReject \ f1; 2g are possible only if the entire F2 is rejected, so also
with this latter approach based on the two-step MTP there is a certain dependence of inferences
about y1 and y2 on rejections in F2 .
4.3

A natural question concerning MTPs that are not a-exhaustive

In view of the developments in Sections 2.3 and 3, it is natural to ask whether it is possible for any
MTP which is not a-exhaustive to modify its wi ðIÞ s with i 2
= I in (2) in such a way that some
conﬁdence assertions about yi s with i 2 IReject based on (8) can be strictly sharper than rejections
assertions when jIReject jom. The answer to this question is no. That is, there are MTPs which are
not a-exhaustive and for which such a modiﬁcation is not possible.
To show this, note ﬁrst that it follows from the arguments in Section 2.2 that such sharper
conﬁdence assertions about yi s with i 2 IReject are not possible if the wi ðIÞ s with i 2 I in (2) are such
that
wi ðfigÞ ¼ 1 for all i 2 M  f 1 ; . . . ; m g

ð12Þ

because it then follows from (2) that wi ðfjgÞ ¼ 0 if i 6¼ j. It thus only remains to show that there are
MTPs satisfying (12) that are not a-exhaustive. A simple example is provided by the fallback MTP
considered in the ﬁrst two paragraphs in Section 3.1, with: m  3, positive weights w0i , and wi ðfigÞ s
modiﬁed to satisfy (12). In the special case given by Table 1, this modiﬁcation means that w1 ðf1g Þ
and w2 ðf2gÞ are increased to be equal to 1. Clearly, thePresulting MTP has wi ðIÞ s that satisfy (2) and
(12), though this MTP is not a-exhaustive because i2I wi ðIÞ ¼ 1  w0m o1 for I ¼ M  fmg, see
Wiens and Dmitrienko (2005, Appendix A).
4.4

Final remarks about weights wi ðIÞ and graphical MTPs

One may sometimes have to derive weights wi ðIÞ, i 2 I, to be able to apply (3), (8), or (10). For
example, this may be the case if the MTP is speciﬁed through a graphical representation and
associated rejection algorithm as in Bretz et al. (2009) or as in Burman et al. (2009). It should be
noted that the graphical representations and approaches in these two articles are diﬀerent, though
underlying ideas are related. For such a graphical MTP, the weights wi ðIÞ, i 2 I, can be obtained as
described in, respectively: (i) remark (v) in the last paragraph of Bretz et al. (2009, p. 592); and (ii)
the ﬁrst paragraph of Burman et al. (2009, Section 3.3), i.e. wi ðIÞ equals ai ðI c Þ=a, i 2 I, where
I c ¼ M  I, and ai ðAÞ is deﬁned in the ﬁrst three paragraphs of Section 3.2 of that article in terms of
a so called default graph for the MTP.
Brieﬂy, a default graph consists of component sequences of Hi s, and of positive weights summing
up to 1 associated with these sequences. Given a default graph, the determination of the weights
wi ðIÞ with i 2 I for any given I 6¼ ; is simple: (i) one ﬁrst reduces the graph by dropping all Hi s with
i 2 I c from its component sequences (no reduction takes place if I ¼ M ), (ii) each Hi with i 2 I for
which wi ðIÞ is positive then occurs as the ﬁrst hypothesis in one or more of the remaining reduced
sequences, and (iii) the value of this positive wi ðIÞ is simply equal to the sum of the initial weights of
the remaining reduced sequences that have Hi as their ﬁrst hypothesis. For example, it can be
veriﬁed that any wi ðIÞ with i 2 I in Table 1 can be obtained in this way from the three component
sequences hH1 ; H2 ; H3 i, hH2 ; H3 i, hH3 i, with associated positive weights w01 , w02 , w03 , respectively.
(The default graph consists only of component sequences with positive weights; so in particular, if
w01 ¼ 1 and w02 ¼ w03 ¼ 0, then the default graph consists of the single component sequence
hH1 ; H2 ; H3 i with associated weight 1.)
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In view of the considerations in Section 2.3 it is P
also appealing that one can deduce
immediately from a default graph whether the inequality i2I wi ðIÞo1 holds for a given I. This
strict inequality holds if and only if I c contains all indexes i of Hi s in at least one of the
component sequences. For example, one can immediately
P see from the three component sequences
with positive weights w01 , w02 , w03 just mentioned that i2I wi ðIÞo1 holds for I c ¼ f2; 3g, I c ¼ f1; 3g,
and I c ¼ f3g, i.e. for I ¼ f1g, I ¼ f2g, and I ¼ f1; 2g, in accordance with Table 1. Burman et al.
(2009) provided default graphs for various common and new MTPs, and described how others can
be constructed.
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