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Flexible sequential designs for multi-arm
clinical trials
D. Magirr,a * † N. Stallardb and T. Jakia
Adaptive designs that are based on group-sequential approaches have the benefit of being efficient as stopping
boundaries can be found that lead to good operating characteristics with test decisions based solely on sufficient
statistics. The drawback of these so called ‘pre-planned adaptive’ designs is that unexpected design changes
are not possible without impacting the error rates. ‘Flexible adaptive designs’ on the other hand can cope with a
large number of contingencies at the cost of reduced efficiency. In this work, we focus on two different approaches
for multi-arm multi-stage trials, which are based on group-sequential ideas, and discuss how these ‘pre-planned
adaptive designs’ can be modified to allow for flexibility. We then show how the added flexibility can be used
for treatment selection and sample size reassessment and evaluate the impact on the error rates in a simulation study. The results show that an impressive overall procedure can be found by combining a well chosen
pre-planned design with an application of the conditional error principle to allow flexible treatment selection.
Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction
Sequential methods that allow monitoring of accumulating data at a series of interim analyses are
relatively common in clinical trials comparing a single experimental treatment with control. The interim
analyses provide opportunities to stop the trial early if there is sufficient evidence of efficacy, or sufficient
lack thereof. This is important for ethical reasons, because the trial should involve the smallest number
of patients necessary for it to reach a firm conclusion, and possibly also for administrative and economic
reasons [1].
Recently, there has been considerable interest in extending group-sequential methods to design multiarm multi-stage trials where, alongside determining whether or not to stop the trial early, interim analyses
are used to select only the most promising treatment(s) to be compared with the control in subsequent
stages [2–7]. The proposed methods use different selection rules but all build on the idea of testing a
family of null hypotheses by monitoring sufficient statistics for the corresponding parameters of interest,
and comparing these with stopping boundaries. To control the familywise error rate, that is, the probability of rejecting at least one true null hypothesis, appropriate stopping boundaries can be determined
from the joint null distribution.
One limitation of the proposed methodology is that once the trial has started, it must be conducted as
specified. This has been described as pre-planned or pre-specified adaptivity [8]. Whilst specifying decision rules helps maintain the integrity of the trial and credibility of any conclusions, it is not possible
to foresee all eventualities at the design stage. If circumstances arise that force investigators to deviate from the pre-specified design then, depending on the specific design change, the group-sequential
methodology may be rendered invalid or lose statistical power.
An alternative to pre-planned adaptive methods is the use of flexible adaptive designs [9–11].
Such designs have the advantage that design changes can be made at interim analyses without pre-
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specification, yet the familywise error rate can still be controlled. This is usually achieved by calculating
a p-value at each analysis based only on data from the preceding stage and combining these p-values
using a pre-specified combination function to make test decisions. In general, however, the resulting tests
are not based on sufficient statistics for the relevant parameters.
Brannath et al. [8] note that a fixed sample size or pre-planned adaptive design can be used as the
basis for a flexible design, with flexibility introduced via the so-called conditional error approach [12].
Considering that flexible adaptive designs have been criticised for making inefficient use of the data
[13, 14], this suggestion brings to mind an intuitively appealing strategy: start the trial with a pre-planned
adaptive design that has good operating characteristics should the trial proceed as envisioned, and only
apply the flexible adaptive methodology if necessary. Koenig et al. [15] apply such a strategy with a fixed
sample Dunnett test [16] used as the initial design, leading to a design that has been shown to compare
well in terms of power with competing methods [17]. Di Scala & Glimm [18] extend this approach to
deal with time-to-event endpoints, and Friede et al. [19] show that the same techniques are applicable to
trials involving subgroup selection.
In this article, we develop flexible sequential designs for multi-arm clinical trials with early stopping
for efficacy and futility. More specifically, we will consider the design of Stallard & Todd [3] in which
only a single experimental treatment is taken forward beyond the first stage, and the design of Magirr
et al. [7] in which all sufficiently promising experimental treatments are carried forward. Flexible modifications of the Stallard & Todd design are proposed based on both the combination testing approach and
the conditional error function approach, and the Magirr et al. design is modified using the conditional
error function approach. All three modifications provide fully flexible multi-arm multi-stage designs
that control the familywise error rate in the strong sense. The properties of the three new approaches are
assessed in a simulation study.

2. Multi-arm multi-stage trial designs
Suppose that patients are randomised between a control treatment .k D 0/ and K experimental treatments .k D 1; : : : ; K/, with observations from treatment group k independently normally distributed
with mean k and variance 1. We denote the treatment effect size for treatment k by k D k  0 .k D
1; : : : ; K/, and the vector of treatment responses by  D .1 ; : : : ; K /, and consider the null hypotheses
Hk W k 6 0 .k D 1; : : : ; K/. We wish to control the familywise error rate in the strong sense, that is
to have
P . reject at least one true Hk / 6 ˛ for all :

(1)

Suppose that observations are made in J stages with nk;j observations in group k in the first j stages.
Let Ik;j and Zk;j denote respectively the Fisher’s information for k and the standardised test statistic for Hk based on all data observed up to and including stage j .k D 1; : : : ; KI j D 1; : : : ; J /,
with Zj denoting the vector of test statistics at stage j; Z1;j ; : : : ; ZK;j . We note that Ik;j D
1



and Zk;j D I 1=2 XN k;j  XN 0;j with XN k;j the sample mean of the observations in
1=n0;j C 1=nk;j
k;j

group k in the first j stages.
The standardised test statistics Z1 ; : : : ; ZJ are multivariate normal with


1=2
E Zk;j D k Ik;j
;


var Zk;j D 1;


1=2
1=2
cov Zk;j ; Zk;j 0 D Ik;minfj;j
0 g =Ik;maxfj;j 0 g ;




1=2 1=2
k ¤ k0 :
Ik 0 ;j 0 =n0;maxfj;j 0 g
cov Zk;j ; Zk 0 ;j 0 D Ik;j

(2)
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Cases with unknown variance and other distributional forms are discussed in the succeeding text.
Prior to each stage, a set of treatments are chosen to continue to the next stage. Before the first stage,
this set includes all treatments. For later stages, treatments are selected on the basis of data already
observed. Two possible approaches are described in detail in the succeeding text. After data from stage
j have been observed, in order to test Hk for those treatments still in the trial, test statistic Zk;j is compared with upper and lower stopping boundaries, uj and lj . If Zk;j … lj ; uj , treatment k is dropped
from the trial with Hk rejected if Zk;j > uj and retained if Zk;j 6 lj . If any treatments remain in the
Copyright © 2014 John Wiley & Sons, Ltd.
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trial, a selection is made of which should continue to the next stage. In order to ensure the trial stops
after J stages, we set uJ D lJ . The entire design is then specified by the sample sizes, nk;j , the critical
values u1 ; : : : ; uJ and l1 ; : : : ; lJ and the pre-specified selection rule.
Two specific examples of treatment selection rules, with corresponding methods for construction of
u1 ; : : : ; uJ and l1 ; : : : ; lJ to control the familywise error rate, are given in [3] and [7]. Stallard & Todd
[3] propose a multi-arm multi-stage design in which only the best performing experimental treatment
in the first stage, that is, the treatment with the largest test statistic Zk;1 , may continue with the control
treatment beyond the first interim analysis. Magirr et al. [7] describe an alternative selection procedure
in which all treatments with lj < Zk;j < uj remain in the study to proceed to stage .j C 1/. We will
refer to these two selection rules as the ‘select the best’ and the ‘keep all promising’ selection rules.
It is shown in [4] and [7] that, in both designs, the familywise error rate is largest when 1 D    D
K D 0, which will be written as  D 0. Assuming for simplicity that l1 ; : : : ; lJ 1 are fixed, in both
cases, critical values u1 ; : : : ; uJ to make (1) an equality can thus be found using (2) with  D 0 allowing
for the selection rule used.
The single constraint (1) is insufficient to determine u1 ; : : : ; uJ uniquely, and a common approach
in sequential analysis is to specify the type I error to be spent at each interim analysis. That is, to find
u1 ; : : : ; uJ such that
P0 .reject any Hk at or before interim analysis j I  D 0/ D ˛j ;

(3)

where ˛1 6    6 ˛J D ˛ are either specified in advance [20] or depend on the Ik;j in some
pre-determined way [5, 21].
It is easy to show that with the ‘keep all promising’ design, dropping some experimental treatment(s)
with a test statistic that exceeds the lower boundary with the testing procedure otherwise unaltered leads
to a conservative procedure. Similarly, with the ‘select the best’ design, selecting some single experimental treatment other than that with the largest Zk;1 with the testing procedure otherwise unaltered leads to
a conservative procedure [22]. If an experimental treatment with test statistic below the lower boundary
is retained in the ‘keep all promising’ design, however, or if more than one experimental treatment is
allowed to continue beyond the first stage in the ‘select the best’ design, the familywise error rate will
not be controlled at level ˛.
In addition to the constraint on the familywise error rate (1), it is desirable that a test satisfies a specified power requirement. Following a suggestion of Dunnett [23], we let ı denote a clinically relevant
treatment effect size and let ı0 .0 6 ı0 < ı/ denote a marginal improvement. We define power as the
probability under  D .ı; ı0 ; : : : ; ı0 / that H1 is rejected with treatment 1 identified as the most promising treatment in the sense that if interim analysis j is the first at which some null hypothesis is rejected,
then Z1;j > Zk;j for all other experimental treatments k still in the trial at stage j .

3. New flexible methods for multi-arm multi-stage trials

Copyright © 2014 John Wiley & Sons, Ltd.
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The selection rules in [3] and [7] are easy to describe and they are useful at the design stage as they
make it possible to evaluate the joint distribution of the test statistics. However, they may be unrealistic
in clinical practice, where a judgement is made by investigators on which treatments should continue.
Letting Xj 1 denote all data available prior to stage j , suppose that the treatments selected to continue
to stage j may now depend on Xj 1 in some unspecified way. In addition to all test statistics observed
in stages 1 to j  1, Xj 1 may include secondary endpoint efficacy data, safety data, etc. It is assumed,
however, that independent cohorts of patients are recruited at each stage so that Xj 1 does not contain any information that is predictive for responses of patients recruited in stages j; : : : ; J , such as a
correlated short term outcome when there is a delay in observing the primary outcome.
We now show how two different approaches may be used to develop new methodology to enable error
rate control in this setting. In both cases, strong familywise error control is achieved through application
of the closure principle [24]. To apply the closure principle to the family of null hypotheses,
TH1 ; : : : ; HK ,
we first perform local hypothesis tests for all intersection hypotheses of the form HI D k2I Hk for I
a (non-empty) subset of f1; : : : ; Kg. We then reject Hk if and only if HI is rejected at local level ˛ for
all I that include k. This controls the familywise error rate at level ˛.
It is possible to re-express the multiple testing procedures in Section 2 as closed testing procedures,
T
whereby HI is rejected whenever Hk is rejected for at least one k in I . Denote the global null K
kD1 Hk
by H . As the point 0, where the familywise error rate in (1) is maximised, is contained in H , the local test
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of H has size exactly equal to ˛ whereas all other local tests are conservative. This conservatism means
that the rejection regions of the local tests could be enlarged such that the familywise error rate remains
controlled at level ˛. This can be achieved by simply decreasing the upper boundary. For each I , we will
denote the upper boundary values corresponding to the sequential local test of HI by uI;1 ; : : : ; uI;J . We
will refer to the resulting closed test procedures as step-down versions of the [3] and [7] designs because
they are analogous to the step-down Dunnett test [24] and Holm’s step-down extension of the Bonferroni
procedure [25].
Assuming a fixed lower boundary l1 ; : : : ; lJ 1 , critical values uI;1 ; : : : ; uI;J can be found for each I
following the steps in Section 2 considering only those treatments contained in I . That is, uI;1 ; : : : ; uI;J
are found to satisfy
sup P .reject Hk for some k 2 I / D ˛

(4)

2HI

with the pre-specified selection rule restricted to select only treatments from the set I .
The supremum in (4), for both the ‘select the best’ and ‘keep all promising’ designs, is attained for
k D 0 .k 2 I / and arbitrary k .k … I /. In practice, the construction of uI;1 ; : : : ; uI;J is equivalent
to finding boundaries for the original design with K D jI j and ignoring the presence of treatments
k … I . Again, the single constraint in (4) is insufficient to determine u1;I ; : : : ; uJ;I uniquely and a similar sequence of expressions to (3) giving the amount of error rate to be spent at each interim analysis
is necessary.
3.1. A combination test modification of the ‘select the best’ design
Bauer & Köhne [10] propose allowing for data-dependent design changes in multi-stage clinical trials
by combining p-values calculated from the data collected in each stage. In one possible approach the
stage-wise p-values may be transformed into independent normal increments, which are then summed,
emulating a standard group-sequential trial [26]. For the simple case of a two-arm, two-stage trial to test
the single null hypothesis, H1 W 1 6 0, suppose .l1 ; u1 ; u2 / are critical values for a group-sequential
trial such that the probability under H1 that either Z .1/ > u1 or Z .2/ > u2 with l1 < Z .1/ < u1 is
equal to ˛, where Z .1/ and Z .2/ are standardised z-statistics based on cumulative data at stages 1 and
2, respectively, with correlation  depending on the pre-planned sample sizes. A p-value combination
test can then be performed as follows. A first-stage test of H is chosen with associated p-value, p .1/ ,
calculated at the interim analysis. If ˚ 1 1  p .1/ > u1 , where ˚ is the standard normal cumulative


distribution function, H1 is rejected at level-˛ and the trial is stopped. If ˚ 1 1  p .1/ 6 l1 , the trial


is stopped early without rejection of H1 . If l1 < ˚ 1 1  p .1/ 6 u1 , the trial continues, and a second
stage p-value, p .2/ , for a test
p of H1 , is calculated.

At the final analysis, H1 is rejected at level-˛ if and
only if ˚ 1 1  p .1/ C 1  2 ˚ 1 1  p .2/ > u2 .
The choice of the second stage test is allowed to depend on the first stage data and external factors,
as long as the null distribution of p .2/ , conditional on the first stage data and choice of second stage
test statistic, is stochastically larger than or equal to the uniform distribution. Following [27], we will
henceforth describe a p-value satisfying this property as p-clud.
Returning to the multi-arm multi-stage setting considered earlier, the test statistics used in [3] can be
expressed as a combination of stage-wise p-values, so that combining these p-values and using a closed
testing procedure can allow flexibility in the number of experimental treatments continuing at each stage,
as well as future sample sizes.
In detail, suppose that for each I  f1; : : : ; Kg, boundary values uI;1 ; : : : ; uI;J and l1 ; : : : ; lJ 1
have been found for a test of HI as described in the preceding text. We assume that, in the initial
design, an equal number of patients is allocated to each experimental treatment arm, with the number of
patients allocated to the control arm a constant multiple of this number so that n1;j D    D nK;j and
n0;j D n1;j . Thus Ik;j D n1;j =.1 C / for k D 1; : : : ; K.
At the j th analysis , define ZQ I.j / D maxk2I Zk;1 for j D 1 and

 ˚

1=2

1=2
ZQ I.j / D ˚ 1 1  pI.j /
C ZQ I.j 1/ Ij 1 =Ij
Ij  Ij 1 =Ij
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for j > 1, where pI.j / is obtained as described in the succeeding text. Hypothesis HI is rejected if
ZQ I.j / > uI;j and retained if ZQ I.j / 6 lj . If lj < ZQ I.j / 6 uI;1 and the study continues to a .j C 1/t h
Copyright © 2014 John Wiley & Sons, Ltd.
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stage with treatments selected in any way and the experimenter chooses a .j C 1/th stage test for HI
with associated p-value pI.j C1/ . On termination of the trial, the closure principle is applied so that Hk
is rejected at familywise level-˛ if and only if HI is rejected at local level-˛ for all I including k.
The only requirement on pI.j / is that it is p-clud given Xj 1 for all  2 HI . In particular, we are
free to ignore the ‘select the best’ selection rule and can re-set future sample sizes. A possible choice
is to take pI.j / to be the p-value from a single stage Dunnett test [16] comparing treatments in I that
remain in the trial with control based on the stage j data (if no treatments in I remain in the trial, pI.j /
can be set equal to 1). We will use this approach in the example and simulation study reported in the
succeeding text.
For the design described in [7], it is not possible to express the statistic for testing HI as a combination of stage-wise p-values (except when jI j D 1), and therefore the combination test method for adding
flexibility is not available.
3.2. A conditional error approach modification of the ‘select the best’ and ‘keep all promising’ designs
Flexibility may alternatively be introduced using the conditional error approach. Suppose that we have
some test of a null hypothesis, Hk , that controls the type I error rate at level ˛. This test can be modified
to allow for adaptations made at an interim analysis, following observation of data X . Let A.X / denote
the conditional error defined as the conditional probability under Hk of rejecting Hk using the original design given the observed interim data X . Following adaptation, the type I error rate is controlled
providing the conditional probability of rejecting Hk under Hk does not exceed A.X /.
For the test of HI , suppose that we have obtained uI;1 ; : : : ; uI;J as described earlier assuming that
either the ‘select the best’ or the ‘keep all promising’ selection rule is to be used. In order to maintain
the local type I error rate, at each stage, the upper boundary is updated based on the observed data and
treatments selected (and possibly changes to future sample sizes). Suppose that at the
 jth interim analysis we have observed data Xj . The conditional error, which will be denoted AI Xj , defined as the
conditional probability given Xj of rejecting HI under HI , can be calculated on the basis of the current
critical values, and the assumption
that henceforth either the ‘select the best’ or the
 
 ‘keep all promising’
rule will be used. If AI Xj D
1,
we
have
already
rejected
H
X
D 0, we have already
and
if
A
I
I
j

retained HI . Suppose AI Xj 2 .0; 1/ and that the trial continues to a .j C 1/th stage with treatments
selected depending on Xj in some arbitrary fashion, and/or with future sample sizes updated on the
basis of Xj . Given the treatments selected and the sample sizes chosen, we update the upper boundary
 
such that the conditional probability of rejecting HI under HI remains controlled at level AI Xj .
Additional details are given in the Appendix.
As was the case when finding the original boundaries, the constraint (4) is insufficient to determine critical values for all future interim analyses (unless j D J  1). Analogously to the ˛-spending
approach, we will require that the conditional probability of rejecting HI at each future interim analysis
is maintained.
We do not consider continuing with experimental treatments that have crossed the binding futility
boundary, that is for which Zk;j 6 lj . Whilst it is possible to apply the conditional error approach in
this scenario, we note that in this case the conditional error for Hk is 0. Consequently, Hk cannot be
rejected at familywise level ˛ and there is little to be gained from including treatment k in the remaining
intersection tests. If a flexible lower boundary is required, this can be obtained by removing the binding
futility boundary, that is setting lj D 1.
3.3. Example

Copyright © 2014 John Wiley & Sons, Ltd.
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Consider a three-stage trial comparing three experimental treatments with control. Suppose an
˛-spending approach is used with ˛j D 0:025j=3 .j D 1; 2; 3/. If there is no binding futility boundary,
that is, l1 D l2 D 1, the upper boundaries for the step-down designs are as given in columns two to
four of Table I. Note that the boundary values depend only on jI j.
We assume a sample size of n D 34 per arm per stage, that is, nk;j D j n .k D 0; 1; 2; 3I j D 1; 2; 3/,
chosen to ensure that the power of the ‘keep all promising’ design as defined in Section 2 is at least 0.8
given ı D 0:5 and ı0 D 0:2.
Suppose that Z1;1 D 2; Z2;1 D 1:1 and Z3;1 D 1 at the first interim analysis. Furthermore, suppose
that the investigators decide to drop treatment 1 from the remainder of the study due to a safety endpoint
but continue with both remaining treatments.

D. MAGIRR, N. STALLARD AND T. JAKI

Table I. Original and modified upper stopping boundaries given a non-binding
futility boundary with J D K D 3; Z1;1 D 2; Z2;1 D 1:1; Z3;1 D 1 and
treatment 1 dropped after stage 1.

I
f1; 2; 3g
f1; 2g
f1; 3g
f2; 3g
f1g
f2g
f3g

‘Select the best’ design
Original
Conditional type I
boundary values
error spent
Look 1 Look 2 Look 3 Look 2
Look 3
2.75
2.61
2.48
0.046
0.079
2.62
2.50
2.38
0.063
0.102
2.62
2.50
2.38
0.063
0.103
2.62
2.50
2.38
0.007
0.021
2.39
2.29
2.20
0.108
0.158
2.39
2.29
2.20
0.016
0.037
2.39
2.29
2.20
0.012
0.031

Modified
boundary values
Look 2 Look 3
2.16
2.15
1.86
1.86
1.80
1.81
2.66
2.55
.
.
2.29
2.20
2.29
2.20

I
f1; 2; 3g
f1; 2g
f1; 3g
f2; 3g
f1g
f2g
f3g

‘Keep all promising’ design
Original
Conditional type I
boundary values
error spent
Look 1 Look 2 Look 3 Look 2
Look 3
2.75
2.66
2.59
0.043
0.075
2.62
2.53
2.45
0.061
0.100
2.62
2.53
2.45
0.060
0.098
2.62
2.53
2.45
0.011
0.029
2.39
2.29
2.20
0.108
0.158
2.39
2.29
2.20
0.016
0.037
2.39
2.29
2.20
0.013
0.031

Modified
boundary values
Look 2 Look 3
2.15
2.18
1.87
1.87
1.81
1.82
2.53
2.45
.
.
2.29
2.20
2.29
2.20

We consider first the modification of the ‘select the best’ design using the combination test approach
as described in Section 3.1. To use this approach, we must choose our second stage tests with associated
p-values pI.2/ for each I  f1; 2; 3g such that I includes at least one of the continuing treatments, that
is, I \ f2; 3g ¤ ¿. For I D f1; 2; 3g and I D f2; 3g, we choose a Dunnett test comparing treatments 2
and 3 with control. For I D fj g and I D f1; j g .j D 2; 3/, a one-sided z-test comparing treatment j
.2/
with control is used. Additionally, pf1g
is set to 1.
Suppose now that the second stage results are Z2;2 D 2:55 and Z3;2 D 1, or, equivalently;
.2/
.2/
.2/
D 0:012; pf2g
D 0:006 and pf3g
D 0:34. In order to apply the closed test, we find
pf2;3g
.2/
ZQ f1;2;3g

D

.2/
ZQ f1;2g

D

.2/
ZQ f1;3g

D

.2/
ZQ f2;3g

D

.2/
ZQ f1g

D

.2/
ZQ f2g

D

.2/
ZQ f3g

D

˚
 p
2 C ˚ 1 .1  0:012/ = 2
˚
 p
2 C ˚ 1 .1  0:006/ = 2
˚
 p
2 C ˚ 1 .1  0:34/ = 2
˚
 p
1:1 C ˚ 1 .1  0:012/ = 2
˚
 p
2 C ˚ 1 .1  1/ = 2
˚
 p
1:1 C ˚ 1 .1  0:006/ = 2
˚
 p
1 C ˚ 1 .1  0:34/ = 2

D 3:01
D 3:19
D 1:71
D 2:37
D 1
D 2:55
D 1:00:
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By comparing these values with the boundaries given in Table I, we see that Hf1;2;3g ; Hf1;2g and Hf2g
can all be rejected at local level 0.025. However, there is not yet any k such that HI has been rejected at
local level 0.025 for all I  f1; 2; 3g with k 2 I . At this point, third stage tests could be defined and the
study continued.
We consider next the modified designs using the conditional error approach. Suppose again we have
Z1;1 D 2; Z2;1 D 1:1 and Z3;1 D 1 and select treatments 2 and 3. We must update the boundaries
for all I  f1; 2; 3g such that I \ f2; 3g ¤ ¿ as described in Section 3.2. We first find the conditional
probability given Z1 , of rejecting HI at or before the second and third interim analyses assuming that
either the ‘select the best’ or ‘keep all promising’ selection rule is to be used. These values are given
Copyright © 2014 John Wiley & Sons, Ltd.
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in the fifth and sixth columns of Table I. We then find new critical values u2;I and u3;I to give these
probabilities if we continue with treatments 2 and 3. These values are given in the seventh and eighth
columns in Table I. Because treatment 1 has been dropped from the trial, we do not test Hf1g at stage
two or three. Note that when I D I \ f2; 3g, the boundaries are unchanged.
Suppose again that, at the second stage, we have observed Z2;2 D 2:55 and Z3;2 D 1. With the
modified ‘select the best’ design, we have Z2;2 < uf2;3g;2 and Z3;2 < uf2;3g;2 , so that neither H2
nor H3 can be
the modified ‘keep all promising’ design, we have

 rejected at this stage, whereas with
Z2;2 > max uf1;2;3g;2 ; uf1;2g;2 ; uf2;3g;2 ; uf2g;2 so that H2 can be rejected at this stage at familywise
level of 0.025.
The properties of the test methods are explored further in the simulation study reported in the next
section.
3.4. Simulation study
A flexible selection rule makes it difficult to compare the performance of the competing designs. Because
the relative performance of the treatments with respect to the primary efficacy endpoint is of high importance, the following simple selection rule, which has been used in previous comparison studies [17, 28],
will be used here. Assuming a non-binding futility boundary, for some suitable ", treatment k remains in
the trial if it has not previously been dropped and Zk;j > maxfZk 0 ;j g", the maximum being taken over
all treatments still in the trial at stage j . The original designs [3] and [7] with non-binding futility boundaries are special cases with " D 0 and " D 1, respectively. The methods of Sections 3.1 and 3.2 have
been compared based on 100,000 simulations of the trial design specified in Section 3.3 using this treatment selection rule for a range of " values. In the case of the ‘keep all promising’ design, a non-binding
futility boundary means that no selection is taking place. We do not consider using a binding futility
boundary as this would require substantially more computation and our main goal is to demonstrate the
increase in flexibility that can be achieved by the new methods.
Also included in the comparison is the original step-down ‘keep all promising’ design with no adjustment of the upper boundaries on account of treatments being dropped. Because we cannot use the
unadjusted step-down ‘select the best’ design for " > 0 without error rate inflation, we do not consider
it here.
The flexible modifications in Section 3 focus on protecting the familywise error rate with no explicit
consideration of the effect on power. Here, power is defined as the probability  D .ı; ı0 ; : : : ; ı0 / of
rejecting H1 and identifying treatment 1 as the most promising as defined in Section 3.
The results are given in Figure 1. As one would expect, the original step-down design, which does
not reduce the upper boundaries on account of dropped treatments, looses power relative to the other
methods at low values of ". At high values of ", the p-value combination test performs poorly relative
to the other methods. The explanation for this is that if there are several experimental treatments in the
later stages, then responses are weighted unequally in the final test statistics and this is an inefficient
use of the data. The conditional error approach has strikingly good performance across all values of ". It
should be noted, however, that high values of " are unlikely to be used in practice, and that the p-value
combination test has the virtue of being simple to implement.
3.5. Sample size re-calculation
As a further demonstration of the methodology, we consider a four-arm two-stage design with futility
boundary l1 D 0 and upper boundaries such that ˛1 D 0:025=3 and ˛2 D 0:025, as presented in Table II.
A sample size of 27 patients per arm per stage ensures that
PD.0:5;0:5;0:5/ .reject at least one Hk / > 0:8;
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when using the ‘keep all promising’ selection rule. Instead of following the pre-defined treatment selection rules, we will assume that each experimental treatment is declared unsafe after the first stage
independently with probability p. In addition, only those treatments with a standardised test statistic that
is within " D 0:5 of the ‘best’ will be taken forward. Furthermore, provided that at least one experimental
treatment continues into the second stage, the potential 144 second-stage patients will be randomised in
equal proportions to the continuing treatment arms. In other words, the trial will either have total sample
size 108 if it stops after at the interim analysis or a total sample size 216 if any treatments continue to
the second stage.

Power
0.72

0.021

0.74

0.022

0.76

0.023

FWER

0.78

0.024

0.80

0.025
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0.0

0.5

1.0

1.5

0.0

0.5

1.0

1.5

Figure 1. Empirical familywise error rate and power based on 100,000 simulations of the three-arm three-stage
trial design described in Section 3.3, with selection rule described in the text, for a range of " values using the
conditional error modified ‘keep all promising’ design (CE-AP), the original ‘keep all promising’ design (AP),
the conditional error modified ‘select the best’ design (CE-SB) and the p-value combination modified ‘select the
best’ design (PC-SB).

Table II. Upper boundaries for a four-arm two-stage
design with zero futility boundary under the ‘select
the best’ and ‘keep all promising’ treatment selection
rules.
jI j
3
2
1

‘Select the best’
uI;2
uI;1
2:75
2:37
2:62
2:26
2:39
2:04

‘Keep all promising’
uI;1
uI;2
2:75
2:43
2:62
2:30
2:39
2:04

Table III. Probability of rejecting at least one null hypothesis in
a four-arm two-stage design with sample size re-allocation in the
second stage.
P .reject at least one Hk /
 D .0; 0; 0/
 D .0:5; 0:5; 0:5/
P .Unsafe/

PC-SB

CE-SB

CE-AP

PC-SB

CE-SB

CE-AP

0
0.25
0.5
0.75
1

0.0250
0.0210
0.0171
0.0129
0.0082

0.0250
0.0209
0.0172
0.0130
0.0082

0.0254
0.0216
0.0174
0.0133
0.0082

0.990
0.958
0.901
0.815
0.693

0.990
0.958
0.901
0.815
0.693

0.993
0.960
0.902
0.815
0.693
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Methods: p-value combination modification of the ‘select the best’
rule (PC-SB), the conditional error modification of the ‘select the best’
rule (CE-SB) and the conditional error modification of the ‘keep all
promising’ rule (CE-AP).
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The probability of rejecting at least one null hypothesis, under the null configuration, and assuming
all treatments are effective, is shown in Table III for various values of p. In this case, all three methods
perform equally well in terms of power, with the familywise error rate controlled at the original level
˛ D 0:025.

4. Concluding remarks
In this work, we have shown how flexibility can be added to pre-planned adaptive multi-arm multi-stage
clinical studies. We have focused on adding flexibility to the treatment selection rule, as well as updating
sample sizes, but the same methodology could be used to, for example, add further interim analyses.
In addition, the new methods would work equally well if applied to the problem of subgroup selection
rather than treatment selection.
In Section 3, we made the assumption that independent cohorts of patients are recruited in each stage,
as this ensures the joint distribution (2) holds. If Xj 1 were to contain short-term endpoint information
that would be predictive for responses in stages j; : : : ; J then a naive application of the new methods
could lead to an inflation of the familywise error rate [29]. Special methods are required to handle this
situation, see [30, 31] and [32].
Both our example and simulation study demonstrate the potential gain in power that can be achieved
by applying the conditional error principle. The methodology will be most useful when reacting to
unforeseen events, for example, a safety issue on a particular treatment arm, and it is important that
the original pre-planned adaptive design is well chosen. We have not attempted to find optimal designs
in this paper, and the power criterion we have used for the comparison in Section 3.4 is one of many
sensible criteria that could be applied in this setting.
It should be acknowledged that whilst the step-down procedures described in Section 3 are clearly
more powerful than their original counterparts due to their reduced upper boundaries, this comes at the
cost of increased difficulties in constructing useful confidence intervals [33] and therefore does not constitute a uniform improvement. See, for example, [34] or [35] for a discussion of this phenomenon in the
context of a fixed sample design.
Finally, we have assumed that observations are normally distributed with known variance. Asymptotic
results can be used for other endpoints in a similar fashion to the discussion in [36]. An implementation
of the new procedures will be included in an upcoming version of the R package MAMS [37].

Appendix
In this appendix, we give details of the computation of the conditional error for HI ; AI .Xj /.
Suppose that at the j th interim analysis we have observed data Xj . Let Tj 0 denote the set of treatments selected to continue to stage j 0 for j 0 D j; : : : ; J , where Tj is chosen unrestrictedly based on the
data from the previous stage, and Tj 0 for j 0 D j C 1; : : : ; J is as given by the pre-specified selection
rule. AI .Xj / is defined as the conditional probability of rejecting HI given Xj . This is given by
0
AI .Xj / D P0 @

[

1

[

k 2 Tj 0 and Zk;j 0 >

.j 1/
uI;j
0

j

Xj ; DI.j 1/ A ;

(A.1)

k2I j 0 2fj;:::;J g

which depends on the design DI.j 1/ , comprising the pre-planned selection rule, critical values
.j 1/
.j 1/
; : : : ; uI;J
, and sample sizes, nj.j 1/ ; : : : ; nJ.j 1/ , where the superscripts indilj ; : : : ; lJ 1 and uI;j
cate that the upper critical values and sample sizes may have been updated following looks, 1; : : : ; j 
1.
The conditional probability of rejecting HI at or before interim analysis j 0 for j 0 D j; : : : ; J is
similarly given by
0

[

1
.j 1/
.j 1/ A
k 2 Tj 00 and Zk;j 00 > uI;j
:
00 j Xj ; DI

(A.2)

k2I j 00 2fj;:::;j 0 g
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/
D P0 @
˛j.j0 ;I

[
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The fact that independent cohorts of patients are to be recruited in stages j C 1; : : : ; J means that the
conditional distribution of Zj C1 ; : : : ; ZJ depends on Xj only through the observed value of ´j and is
therefore multivariate normal with, by a standard calculation (see, e.g., Section 2.5 of [38]),



 1=2

1=2
E Zk;j 0 D k Ik;j 0  Ik;j =Ik;j
;
0 C ´k;j Ik;j =Ik;j 0
 


var Zk;j 0 D Ik;j 0  Ik;j =Ik;j 0 ;

 
 
1=2
cov Zk;j 0 ; Zk;j 00 D Ik;minfj 0 ;j 00 g  Ik;j = Ik;j 0 Ik;j 00
;

 


1=2 1=2 
cov Zk 0 ;j 0 ; Zk 00 ;j 00 D Ik;j 0 Ik 0 ;j 00 n0;minfj 0 ;j 00 g  n0;j = n0;j 0 n0;j 00

(A.3)
.k 0 ¤ k/:

If the trial does not stop at the interim analysis j; Tj C1 , the set of treatments to continue to the next
stage, along with future sample sizes, may be chosen in some arbitrary fashion based on Xj . Given these
/
.j /
choices, the boundary values are updated by finding u.j
j C1 ; : : : ; uJ such that
0
P0 @

[

[

1
/
.j / A
/
D ˛j.j0 ;I
k 2 Tj 00 and Zk;j 00 > u.j
I;j 00 j Xj ; DI

(A.4)

k2I j 00 2fj C1;:::;j 0 g
/
.j /
for j 0 D j C1; : : : ; J where DI.j / , comprises the critical values lj C1 ; : : : ; lJ 1 and u.j
I;j C1 ; : : : ; uI;J , the
modified sample sizes and the selection rule now updated to allow for the choice of Tj C1 but assuming
that the pre-specified rule will be followed at all subsequent stages.
Upon observation of Xj , one knows arg maxfZk;j g and therefore finding AI .Xj /, assuming use of
the ‘select the best’ rule with a non-binding futility boundary, requires evaluation of a single tail area for
the multivariate normal distribution defined by (A.3), for example, using the pmvnorm function from
the R package mvtnorm [39]. However, to find the probability on the left-hand side of (A.4) requires
jI \ Tj C1 j calls
joint dis to pmvnorm where one
 must first find, for each k 2 I \ Tj C1 , the conditional

tribution of Zk;j 0 ; Zk;j C1  Zk 0 ;j C1 j 0 2 fj C 1; : : : ; J gI k 0 2 I \ Tj C1 n fkg via an appropriate
transformation of (A.3). Using the ‘keep all promising’ rule, in the case of a non-binding futility boundary, finding 1  AI .Xj / requires a single call to pmvnorm. If a binding futility boundary is used, up to
jJ  j jjI \Tj j calls to pmvnorm are necessary, corresponding to all possible combinations of treatments
crossing the futility boundary.
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