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Summary

Holm’s (1979) step-down multiple-testing procedure (MTP) is appealing for its flexibility, transparency,
and general validity, but the derivation of corresponding simultaneous confidence regions has remained
an unsolved problem. This article provides such confidence regions. In fact, simultanenous confidence
regions are provided for any MTP in the class of short-cut consonant closed-testing procedures based
on marginal p-values and weighted Bonferroni tests for intersection hypotheses considered by Hommel,
Bretz and Maurer (2007). In addition to Holm’s MTP, this class includes the fixed-sequence MTP,
recently proposed gatekeeping MTPs, and the fallback MTP. The simultaneous confidence regions are
generally valid if underlying marginal p-values and corresponding marginal confidence regions (as-
sumed to be available) are valid. The marginal confidence regions and estimated quantities are not
assumed to be of any particular kinds/dimensions. Compared to the rejections made by the MTP for the
family of null hypotheses H under consideration, the proposed confidence regions provide extra free
information. In particular, with Holm’s MTP, such extra information is provided: for all nonrejected Hs,
in case not all Hs are rejected; or for certain (possibly all) Hs, in case all Hs are rejected. In case not
all Hs are rejected, no extra information is provided for rejected Hs. This drawback seems however
difficult to overcome. Illustrations concerning clinical studies are given.

Key words: Alpha-exhaustive test; Clinical study; Closed-testing procedure; Consonance;
Equivalence; Gatekeeping; Holm procedure; Non-inferiority; Superiority.

1 Introduction

Simultaneous confidence regions have been available that correspond to certain stepwise multiple-test-
ing procedures (MTPs), including: (a) the stepwise confidence bounds of Bofinger (1987) and Stefans-
son, Kim and Hsu (1988, Section 2) that correspond to the step-down version of one-sided Dunnett-
type comparisons with a control under normality assumptions; and (b) the stepwise confidence inter-
vals without multiplicity adjustment of Berger and Hsu (1999) that correspond to the fixed-sequence
MTP. However, no simultaneous confidence regions have been available that correspond to Holm’s
(1979) step-down MTP, although this MTP is quite appealing and widely used due to its flexibility,
transparency, and general validity. This article provides such simultaneous confidence regions. In fact,
simultaneous confidence regions are provided for any MTP in the class of short-cut consonant closed-
testing procedures based on marginal p-values and weighted Bonferroni tests for intersection hypoth-
eses considered by Hommel, Bretz and Maurer (2007), which includes Holm’s (1979) MTP. The
proposed simultaneous confidence regions are quite flexible and generally valid – if underlying mar-
ginal p-values and corresponding confidence regions (assumed to be available) are valid. The proposed
inferences are of interest when one aims at assertions that will “show” that estimated quantities be-
long to specific target regions. For example, in confirmatory clinical studies, target regions may corre-
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spond to intended claims about “superiority”, “non-inferiority” and/or “equivalence”; cf. (6), (7), (9),
and Section 4. For convenience, no notational distinction is made between random quantities and the
corresponding realizations in this article.

1.1 The general situation considered

Consider the following general situation. Data X are generated from an unknown probability distribution
P belonging to some class P. This class is not restricted to be of any particular kind, so the model fP 2 Pg
can be parametric, non-parametric, or semi-parametric. We are interested in making simultaneous infer-
ences about m � 2 specified quantities, q1 ¼ q1ðPÞ, . . ., qm ¼ qmðPÞ, based on marginal inferences about
these quantities. In particular we are interested in simultaneous assertions of the form “qi 2 Ri ” where Ri

is a specified target region for qi, and if possible, additional simultaneous assertions about the qi’s.
It is assumed that for each i ¼ 1; . . . ; m: (a) the set Qi ¼ fqiðPÞ; P 2 Pg of potential qi-values is

known, and the specified target region Ri for qi satisfies

Ri � Qi; Ri 6¼ ?; and Ri 6¼ Qi ; ð1Þ
(b) pi ¼ piðXÞ is an available p-value through which the null hypothesis Hi : qi =2 Ri can be tested
versus Hc

i : qi 2 Ri at any given level 0 < u < 1 by rejecting Hi if and only if pi � u, with the prop-
erty that (Lehmann and Romano, 2005, p. 1140) for any given 0 < u < 1,

Pr ½pi � u� � u if Hi is true; ð2Þ
(c) a specified family, indexed by 0 < g < 1, of level-g confidence regions Ci;g ¼ Ci;gðXÞ for
qi ¼ qiðPÞ such that

Pr ½qi 2 Ci;g� � g for all 0 < g < 1 and P 2 P ð3Þ

is available that corresponds to the pi-based tests of Hi in that for each X and each 0 < u < 1,

Ci;1�uðXÞ � Ri if and only if piðXÞ � u ; (4)

and is such that for each X,

Ci;g0 ðXÞ � Ci;g00 ðXÞ � Qi for all 0 < g0 < g00 < 1 ;

Ci;gðXÞ ¼ Qi if g ¼ 1 ðby conventionÞ : ð5Þ

Illustrations of situations where (1)–(5) hold are given in Sections 2.1 and 4. Neither the qi’s, Ri’s,
nor the Ci;g’s, are restricted to be of any particular kinds/dimensions; and qi’s, Ri’s, and Ci;g’s with
distinct indexes i may be of different kinds/dimensions. This is of interest for clinical studies, where
one often has a mixture of different kinds of intended claims and supporting data that concern e.g.
efficacy, safety, and/or quality of life.

To fix ideas, one may think of a parallel-group clinical study where two treatments, say A and B,
are compared in terms of real-valued qi’s corresponding to certain response characteristics, so that
each Qi � < � ð�1 ; 1Þ. Under relevant additional distributional assumptions for the i-th response:
(a) qi may e.g. be a difference q0i of means of two normal distributions, a shift parameter q00i between
two continuous distribution functions of unknown common shape, or a difference or ratio q000i of the
probability parameters of two binomial distributions, with Qi ¼ < for q0i and q00i , and Qi equal to
ð�1 ; 1Þ or ð0 ; 1Þ for q000i ; (b) pi and Ci;g may be based on t-related methods for q0i, based on a
nonparametric methods (Lehmann, 1975) for q00i , or based on methods like those in Agresti and Min
(2001, Sections 5–7) for q000i ; and (c) the target assertion “qi 2 Ri” aimed at may be

“qi > qi;0”, i.e. Ri ¼ ðqi;0 ; 1Þ \Qi, or (6)

“qi < qi;0”, i.e. Ri ¼ ð�1 ; qi;0Þ \Qi , or (7)

“qi 6¼ qi;0”, i.e. Ri ¼ ðð�1 ; qi;0Þ [ ðqi;0 ; 1ÞÞ \Qi , (8)
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with qi;0 2 Qi suitably chosen. For example, assuming that positive qi-values favor A whereas nega-
tive values favor B: (a) “superiority” of A relative to B with respect to qi may correspond to a qi;0-
value in (6) equal to 0, or equal to a certain positive value of clinical relevance; whereas (b) “non-
inferiority” of A relative to B with respect to qi may correspond to a certain negative qi;0-value in
(6) that is so close to 0 that the difference is clinically negligible. The target assertion (8) of non-
equality is typically of little practical interest, and should rather be viewed and handled as being
composed of (6) and (7) to make directional inferences possible; see Hsu (1996, p. 38) for a rele-
vant discussion. The target assertion “qi 2 Ri” may also be an equivalence-to-qi;0 assertion, for
example

“jqi � qi;0j < di”, i.e. Ri ¼ ðqi;0 � di ; qi;0 þ diÞ \Qi , (9)

with qi;0 2 Qi and di > 0 suitably chosen; in which case pi and Ci;g may be based on the “two one-
sided tests” approach and corresponding (Bofinger, 1992) expanded confidence intervals; see Berger
and Hsu (1996, Section 5) for a discussion about such equivalence-related inferences. More generally,
qi, Ri, and Ci;g may be multi-dimensional.

It is important to note that each pi and Ci;g in (2)–(5) is marginal. In particular, (3) concerns only
the marginal coverage probability of a single Ci;g – no assumption is made about simultaneous cover-
age probabilities.

1.2 The idea

How can we proceed in such a situation? To illustrate the idea in terms of Holm’s (1979) MTP based
on pi’s and other quantities in (1)–(5), let 0 < a < 1 be given, and suppose temporarily that the target
assertions “qi 2 Ri” are given equal weights. It is shown in Section 3 how simultaneous confidence
assertions can then be made about q1; . . . ; qm that: (a) have simultaneous confidence level �1� a;
(b) consist of target assertions “qi 2 Ri” for all i’s in a certain subset I of f1; . . . ; mg; and (c) consist
of assertions of the type “qi 2 Ri [ Ci;g” for all i’s in the complementary subset Ic ¼ f1; . . . ; mg � I,
with common g ¼ 1� a=jIcj. Moreover, an additional 1� a confidence assertion that is arbitrary but
pre-specified can be made in case the event I ¼ f1; . . . ; mg occurs. A key point here is that the
number jIcj of elements in Ic used in the Bonferroni-type adjustment of g is smaller than or equal to
m, possibly much smaller. Each assertion “qi 2 Ri [ Ci;g” with i 2 Ic indicates by how much one
missed the target assertion “qi 2 Ri” aimed at. The probability of making any erroneous assertion with
this procedure is �a.

The set I (set Ic) mentioned in the preceding paragraph consists of the indexes i of Hi’s that are
rejected (are accepted) by Holm’s MTP. The resulting simultaneous confidence assertions thus “corre-
spond” (Hayter and Hsu, 1994, p. 129) to Holm’s MTP based on the pi’s in that they imply the same
rejections of Hi’s, and in addition, provide extra “free” information about qi’s. Such extra information
is provided for all the qi’s with i 2 Ic if Ic 6¼ ˘, or for a subset (possibly all) of the qi’s if Ic ¼ ˘,
depending on how the additional 1� a confidence assertion is pre-specified, cf. Section 3.2.

More generally, it is shown in Section 3 that similar simultaneous confidence assertions can be
made for any MTP in the class of short-cut consonant closed-testing procedures based on marginal
p-values and weighted Bonferroni tests for intersection hypotheses considered by Hommel et al.
(2007, Section 2.2).

Some preliminaries are given in Section 2, including a description of the Hommel et al. (2007,
Section 2.2) class of MTPs. Section 3 contains the main results about simultaneous confidence regions
in this article. Illustrations are given in Section 4 that concern clinical studies. Some concluding com-
ments are made in Section 5 – in particular about the drawback that no extra “free” information is
provided about qi’s for which Hi is rejected, unless all Hi’s are rejected; and about certain closely
related confidence regions by Klaus Strassburger and Frank Bretz presented at the 5th International
Conference on Multiple Comparison Procedures (MCP 2007) in Vienna, 9–11 July 2007.
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2 Preliminaries

The definitions and assumptions made in Section 1.1 are understood in the sequel. Moreover, it is
assumed that 0 < a < 1 is given.

2.1 The pi-based test of H i, and the corresponding Ci;g-based confidence-region test

The relation (4) means that for any given level 0 < u < 1, the pi-based test of Hi : qi =2 Ri versus
Hc

i : qi 2 Ri that rejects Hi if and only if pi � u is equivalent to the confidence-region test (Aitchin-
son, 1964; Hochberg and Tamhane, 1987, p. 23) that rejects Hi if and only if Ci;1�u � Ri. Thus the
p-value pi is related to the Ci;g’s through

piðXÞ ¼
inf Ai; if Ai 6¼ ?;
1; if Ai ¼ ?;

(
ð10Þ

with Ai ¼ fu 2 ð0 ; 1Þ; Ci;1�uðXÞ � Rig, where inf Ai, the greatest lower bound for all values
u 2 Ai, is equal to min Ai if this minimum exists; cf. Lehmann and Romano (2005, p. 1140). Here are
two examples illustrating situations where (1)–(5) hold.

Example 1 – one-sided inferences based on t statistics Suppose that q̂qi and s
q̂qi

are independent
with q̂qi � Nðqi; s

2
q̂qi
Þ and s2

q̂qi
=s2

q̂qi
� c2

ðfiÞ=fi, so that ðq̂qi � qiÞ=sq̂qi
is distributed according to the central t-

distribution with fi � 1 degrees of freedom. Suppose that Qi ¼ <, and that as in (6), the specified
target region for qi equals Ri ¼ ðqi;0 ; 1Þ, so one is interested in showing that qi > qi;0. Let pi be the
p-value of an ordinary t-test of Hi : qi � qi;0 versus Hc

i : qi > qi;0 based on the test statistic
ðq̂qi � qi;0Þ=sq̂qi

, so that pi satisfies tfi;1�pi ¼ ðq̂qi � qi;0Þ=sq̂qi
, with tf ;q equal to the q-quantile of the cen-

tral t-distribution with f degrees of freedom. Moreover, let Ci;g be the ordinary t-based level-g one-
sided confidence region for qi given by

Ci;g ¼ ðq̂qi � tfi;g sq̂qi
; 1Þ : ð11Þ

It can then be verified that (1)–(5) hold. For example, Ci;1�u given by (11) is a subset of
Ri ¼ ð qi;0 ; 1Þ if and only if tfi;1�u � ðq̂qi � qi;0Þ=sq̂qi

, i.e. if and only if pi � u; so (4) holds.

Example 2 – one-sided inferences based on Wilcoxon–Mann–Whitney (WMW) statistics. Sup-
pose that Y1; . . . ; YnA and Z1; . . . ; ZnB are two independent random samples of sizes nA � 1 and
nB � 1 from a Y-distribution and a Z-distribution that differ only by a shift qi in that Y and Z � qi

have a common distribution. The only assumption about this distribution is that its distribution func-
tion is continuous, so that the probability of getting any tie among the nA þ nB observations is zero.
Suppose that Qi ¼ <, and that the specified target region for qi equals Ri ¼ ðqi;0 ; 1Þ, as in Example
1. Let Dð1Þ < 	 	 	 < DðnA nBÞ be the ordered nA nB differences Zj00 � Yj0 ; and for any a 2 ð�1 ; 1Þ, let
WY ;Z�a be the number of pairs ðYj0 ; Zj00 Þ with Yj0 < Zj00 � a (1 � j0 � nA, 1 � j00 � nB). Let pi be the p-
value of an ordinary WMW-test of Hi : qi � qi;0 versus Hc

i : qi > qi;0 based on the test statistic
WY ;Z�qi;0 , so that pi equals the upper tail probability ch ¼ Pr ½W0 � h� with h ¼ WY ;Z�qi;0 . Here W0

denotes the random variable with the known null distribution of WY ;Z when qi ¼ 0. Moreover, let Ci;g

be the WMW-based level-g one-sided confidence region for qi given by (Lehmann, 1975, Section 2.6)

Ci;g ¼
ðDðkÞ; 1Þ; if k � 1 ;

ð�1 ; 1Þ; if k ¼ 0 ;

(
ð12Þ

with k ¼ k ðgÞ equal to the largest integer h � 0 such that ch ¼ Pr ½W0 � h� is � g, so k ðgÞ can be
determined from the known ch’s. It can then be verified that (1)–(5) hold. For example, Ci;1�u given
by (12) is a subset of Ri ¼ ð qi;0 ; 1Þ if and only if at least nAnB � k ð1� uÞ þ 1 differences Zj00 � Yj0
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are �qi;0, i.e. if and only if ch � u with h ¼ WY ;Z�qi;0 (because k ðgÞ � h if and only if g � ch, and by
symmetry, ch ¼ 1� ch0 with h0 ¼ nA nB � hþ 1), i.e. if and only if pi � u; so (4) holds.

2.2 The Hommel et al. (2007) class of MTPs, and the index-sets IReject and IAccept

Hommel et al. (2007, Section 2.2) considered an interesting class of consonant closed-testing proce-
dures based on marginal p-values and weighted Bonferroni-type tests for intersection hypotheses. This
class is fairly large, and its members admit a short-cut (similar to Holm’s (1979) procedure) that
simplifies their implementation and interpretation. It includes Holm’s (1979) step-down MTP (with
and without weights), the fixed-sequence MTP, various recently proposed Bonferroni-based gatekeep-
ing MTPs, and the fallback MTP. An MTP in this class is defined as follows in terms quantities
introduced in Section 1.1.

Suppose that for each non-empty index set I � f1; . . . ; mg, weights w1ðIÞ; . . . ; wmðIÞ are given that
satisfy

0 � wiðIÞ � 1 ;
Pm

i¼1 wiðIÞ � 1 ; and

wiðIÞ � wiðJÞ for all i; I; J with i 2 J and J � I :
ð13Þ

It is important to note that wiðIÞ’s may equal 0. Null hypotheses Hi are then rejected through the
following algorithm with steps 0; 1; 2; . . . .

Algorithm 1 Step 0: Set I1 ¼ f1; . . . ; mg.
Step r � 1: Set Sr ¼ fi 2 Ir ; wiðIrÞ > 0 and pi � awiðIrÞg. If Sr ¼ ? then stop; else reject all Hi

with i 2 Sr, set Irþ1 ¼ Ir � Sr, and go to Step r þ 1.

The stop occurs in the first Step r � 1 where either: (a) Ir 6¼ ? but there is no index i 2 Ir for
which the two inequalities in the definition of Sr are both satisfied, in which case some Hi’s are not
rejected; or (b) Ir is set equal to ? in the previous step, in which case all H1; . . . ; Hm are rejected. It
is understood that Hi’s that are not rejected through Algorithm 1 are accepted. Thus, the two comple-
mentary index-sets

IReject ¼ ðset of indexes i 2 f1; . . . ; mg of His rejected through Algorithm 1Þ ;

IAccept ¼ f1; . . . ; mg � IReject ;
ð14Þ

are well-defined functions of p1; . . . ; pm, and jIRejectj þ jIAcceptj ¼ m.
The MTP defined by Algorithm 1 has multiple-level a, i.e. controls in the strong sense its type-I

family-wise error rate to be �a (Hochberg and Tamhane, 1987, p. 3; Westfall and Young, 1993,
Section 1.2). This is because this MTP is equivalent to a closed-testing procedure with the level-a
Bonferroni-type test for each intersection hypothesis HI ¼ \i2IHi, ? 6¼ I � f1; . . . ; mg, that rejects HI

if and only if for some i 2 I, wiðIÞ > 0 and pi � awiðIÞ.

Remark 1 If the condition wiðIrÞ > 0 is removed in the definition of Sr in Algorithm 1, more Hi’s
may be rejected, namely also Hi’s with pi ¼ 0 and wiðI1Þ ¼ 0. Also such a modified algorithm has
multiple level a, because (2) implies that Pr ½pi ¼ 0� ¼ 0 if Hi is true. However, the present formula-
tion of Algorithm 1: (a) matches the developments in Hommel et al. (2007, Section 2.2), where
pi=wiðIÞ is defined on page 4066 to be 1 if wiðIÞ ¼ 0; and (b) avoids non-standard variants of com-
mon MTPs, e.g. of the fixed-sequence MTP with wiðIÞ’s given by (16) where an Hi with pi ¼ 0 would
be rejected even if there are preceding hypotheses that are not rejected.

Remark 2 The MTP given by Algorithm 1 does not depend on the values of wiðIÞ’s with i =2 I, so
provided they satisfy (13), such values may be arbitrarily specified. Of course, it follows from (13)
that in case

P
i2I wiðIÞ ¼ 1, then necessarily, wiðIÞ ¼ 0 if i =2 I. The MTP given by Algorithm 1 will
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be called a-exhaustive if
P

i2I wiðIÞ ¼ 1 for each non-empty I � f1; . . . ; mg, as in Hommel et al.
(2007).

Hommel et al. (2007, Section 2.2) described wiðIÞ’s satisfying (13) that correspond to various com-
mon MTPs. Here are two important special cases.

Weights wiðIÞ for Holm’s (1979) MTP Suppose that v1; . . . ; vm are given positive weights sum-
ming up to 1 that are associated with H1; . . . ; Hm, or rather with the target rejection assertions
“q1 2 R1”, . . ., “qm 2 Rm”. These weights may e.g. reflect importance in that weights corresponding
to more important target assertions are greater than those corresponding to less important target asser-
tions. Holm’s (1979, pp. 69–70) MTP for H1; . . . ; Hm based on these weights v1; . . . ; vm corresponds
to Algorithm 1 with w1ðIÞ; . . . ; wmðIÞ defined for each non-empty I � f1; . . . ; mg by

wiðIÞ ¼
vi=
P

j2I vj ; if i 2 I ;

0 ; otherwise :

(
ð15Þ

Clearly, this MTP is a-exhaustive (in the sense described in Remark 2).

Weights wiðIÞ for the fixed-sequence MTP Suppose that the sequence in which H1; . . . ; Hm are
stated is relevant and fixed, e.g. with the assertion “q1 2 R1” being of most importance, and the asser-
tion “qm 2 Rm” being of least importance. The rejection rule of the fixed-sequence MTP is then to
reject Hi if and only if pj � a for all j � i. The rejections made with this rule are the same as those
made through Algorithm 1 with w1ðIÞ; . . . ; wmðIÞ defined for each non-empty I � f1; . . . ; mg by

wiðIÞ ¼
1 ; if i 2 I and i is the smallest index in I ;

0 ; otherwise :

(
ð16Þ

Clearly, also this MTP is a-exhaustive.

Remark 3 An MTP defined by Algorithm 1 with wiðIÞ’s satisfying (13) that is not a-exhaustive
can be improved to reject more by replacing its wiðIÞ’s by w0iðIÞ’s such that w0iðIÞ � wiðIÞ for i 2 I
that satisfy (13) and are such that the resulting MTP becomes a-exhaustive (so w0iðIÞ ¼ 0 if i =2 I).
Perhaps the simplest example of this is the Bonferroni MTP that in terms of the positive v1; . . . ; vm

in (15) has weights wiðIÞ ¼ vi, 1 � i � m. This MTP can be improved to reject more by replacing its
wiðIÞ’s by the weights (15), which leads to Holm’s MTP based on the same underlying v1; . . . ; vm for
H1; . . . ; Hm.

3 Main Results About Confidence Regions

In the sequel it is assumed that a set of weights wiðIÞ satisfying (13) is specified, so that the MTP
defined by Algorithm 1 with these wiðIÞ’s is a member of the class of consonant Bonferroni-based
closed-testing procedures considered by Hommel et al. (2007, Section 2.2).

3.1 Simultaneous confidence regions for q1; . . . ; qm and qmþ1

In addition to the definitions and assumptions in Section 1.1, let qmþ1 ¼ qmþ1ðPÞ be any specified
quantity of interest, and let Cmþ1;1�a ¼ Cmþ1;1�aðXÞ be any specified confidence region for qmþ1 that
has marginal-level 1� a, so that

Pr ½qmþ1 2 Cmþ1;1�a� � 1� a for all P 2 P : (17)

Neither qmþ1 nor Cmþ1;1�a are restricted to be of any particular kind/dimension. It is assumed that the
set Qmþ1 ¼ fqmþ1ðPÞ; P 2 Pg of potential qmþ1-values is known. As will be shown, qmþ1 and
Cmþ1;1�a may be chosen to sharpen inferences about q1; . . . ; qm.
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The main result about confidence regions, Theorem 1, is stated in terms of random regions
C*1 ¼ C*1ðXÞ, . . ., C*mþ1 ¼ C*mþ1ðXÞ for q1; . . . ; qmþ1 defined as follows in terms of: quantities in (1)–
(5), the index-sets IReject and IAccept in (14), and the weights wiðIAcceptÞ given by the specified set of
wiðIÞ’s satisfying (13) used in Algorithm 1. Recall from (13) that wiðIÞ’s may equal 0, and from (5)
that by convention, Ci;g ¼ Qi if g ¼ 1. Now, for each i ¼ 1; . . . ; mþ 1; let

C*i ¼

Ri ; if i 2 IReject ;

Ri [ Ci;1�a wiðIAcceptÞ ; if i 2 IAccept ;

Cmþ1;1�a ; if i ¼ mþ 1 and jIRejectj ¼ m ;

Qmþ1 ; if i ¼ mþ 1 and jIRejectj < m :

8>>>><
>>>>:

ð18Þ

Clearly, the assertions “qi 2 C*i ” for i 2 IReject correspond to the rejections made through Algorithm 1,
so extra “free” information is provided by the assertions “qi 2 C*i ” with i 2 IAccept, or by the assertion
“qmþ1 2 C*mþ1” in case jIRejectj ¼ m. Note also that if jIRejectj < m, the assertion “qmþ1 2 C*mþ1” is
non-informative in that C*mþ1 then equals Qmþ1. The proof of Theorem 1 is given in the appendix.

Theorem 1 The random regions C*1, . . ., C*mþ1 given by (18) simultaneously cover q1,. . ., qmþ1,
respectively, with probability satisfying

Pr ½qi 2 C*i for all 1 � i � mþ 1� � 1� a : ð19Þ

It follows from (19) that C*1; . . . ; C*mþ1 constitute simultaneous 1� a confidence regions for
q1; . . . ; qmþ1. Note from (18) that an informative assertion is: (a) made for each qi with i 2 IReject or with
i 2 IAccept and wiðIAcceptÞ > 0 (unless Ri [ fqig ¼ Qi, as is the case with (8)); and (b) sometimes made
also for qmþ1, namely when jIRejectj ¼ m, i.e. when the assertions “qi 2 Ri” are made for all q1; . . . ; qm.
Here “informative” means that an assertion is not just stating that a qi belongs to its range space Qi.

The implementation is simple. Given the quantities in (1)–(5) and the specified set of wiðIÞ’s satis-
fying (13) for Algorithm 1, one first determines the index-sets IReject and IAccept in (14), and then one
determines the C*i ’s from (18). In fact, as illustrated in Section 4.1, it is sometimes possible to deter-
mine IReject and IAccept without numerical evaluation of p1; . . . ; pm.

3.2 Choice of qmþ1 and Cmþ1;1�a to sharpen inferences about q1; . . . ; qm

Choice 1 – for general qi’s and Ri’s Recall from Section 1.1 that qi’s, Ri’s, and/or Ci;g’s with distinct
indexes 1 � i � m may be of different kinds/dimensions. In such a general situation, a possible choice
for qmþ1 and Cmþ1;1�a in (17) is as follows. Let M ¼ f1; . . . ; mg, and set

qmþ1 ¼ ðq1; . . . ; qmÞ and Cmþ1;1�a ¼ C1;1�a w1ðMÞ 
 	 	 	 
 Cm;1�a wmðMÞ , (20)

where 
 stands for direct product, and the weights wiðMÞ are given by the specified set of wiðIÞ’s
used in Algorithm 1. That is, Cmþ1;1�a is a rectangular region for the vector qmþ1 that consists of m
Bonferroni-adjusted marginal confidence regions, so that (17) holds. Moreover, if jIRejectj ¼ m, then
S1 � M is non-empty in Step r ¼ 1 of Algorithm 1, and for each i 2 S1: wiðMÞ > 0 and pi � a wiðMÞ,
so Ci;1�a wiðMÞ � Ri because of relation (4). This shows how (20) leads to sharpenings (of the form
“qi 2 Ci;1�a wiðMÞ” with Ci;1�a wiðMÞ � Ri for at least all i 2 S1) of the assertions “qi 2 Ri” made
through C*1, . . ., C*m in (18) in case jIRejectj ¼ m. See Sections 4.1 and 4.2.2 for illustrations.

Choice 2 – for real qi’s in similar scales, and one-sided Ri’s Other choices than (20) that concern
q1; . . . ; qm are possible in particular situations. Here is an example. Again, let M ¼ f1; . . . ; mg, and
suppose that for each i 2 M, Qi ¼ <, and the specified target region Ri and marginal-level g confi-
dence regions Ci;g for qi are of the form

Ri ¼ ðqi;0 ; 1Þ and Ci;g ¼ ðLi;g; 1Þ , (21)
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with qi;0 2 ð�1 ; 1Þ; cf. (6). Note that, for example, the intervals (11) and (12) are of the form
ðLi;g; 1Þ. Now, set l ¼ min fLi;1�a � qi;0 ; i 2 Mg. Then qmþ1 and Cmþ1;1�a in (17) may be chosen
as

qmþ1 ¼ ðq1; . . . ; qmÞ and Cmþ1;1�a ¼ ðq1;0 þ l ; 1Þ 
 	 	 	 
 ðqm;0 þ l ; 1Þ . (22)

That is, Cmþ1;1�a is a rectangular region for the vector qmþ1 that consists of m intervals
ðqi;0 þ l ; 1Þ. To see that (17) holds, let i� denote the smallest (unknown) index i 2 M for which
qi � qi;0 equals min ðq1 � q1;0; . . . ; qm � qm;0Þ. Then: (a) Pr ½Li�;1�a � qi�;0 < qi� � qi�;0� � 1� a; (b)
Pr ½l � Li�;1�a � qi�;0� ¼ 1; so that (c) Pr ½l < qi � qi;0 for all i 2 M� � 1� a. Moreover, if
jIRejectj ¼ m, then for each i 2 M there is a Step r � 1 in Algorithm 1 in which Hi is rejected, i.e. in
which i 2 Ir, wiðIrÞ > 0 and pi � awiðIrÞ; so that pi � a, and thus qi;0 � Li;1�a because of relation
(4). That is, if jIRejectj ¼ m, then qi;0 � Li;1�a for all i 2 M, so l � 0 in (22). This shows how (22)
leads to sharpenings (of the form “qi;0 þ l < qi” with l � 0, for all i 2 M) of the assertions
“qi;0 < qi” made through C*1, . . ., C*m in (18) in case jIRejectj ¼ m. See Section 4.1 for an illustration.

It is instructive to compare the sharpenings provided by (20) with those provided by (22) when the
specified set of wiðIÞ’s used in Algorithm 1 is given by (16) in the particular situation underlying (22)
just described. Recall that (16) corresponds to the fixed-sequence MTP for H1; . . . ; Hm, and suppose
for simplicity that qi;0 ¼ 0 in (21) and (22). It can then be verified that the sharpenings provided by
(20) reduce to the single assertion that q1 belongs to C1;1�a ¼ ðL1;1�a; 1Þ, because w1ðMÞ ¼ 1 and
wiðMÞ ¼ 0 for 2 � i � m in (20); whereas the sharpenings provided by (22) reduce to the assertions
that qi belongs to ðl ; 1Þ for all i 2 M, with l ¼ min fLi;1�a ; i 2 Mg � 0. Thus, more assertions are
made with (22), but the assertion about q1 with (20) is sharper in that l � L1;1�a.

The fact that a common l is used for the component intervals of Cmþ1;1�a in (22) means that in
contrast to (20), the choice (22) is reasonable only if q1; . . . ; qm are in a common scale (or suffi-
ciently similar scales), although the simultaneous coverage assertions are formally valid. For example,
(22) is reasonable in a dose-response study where several dose are compared in a given sequence to a
common control with respect to a response variable as described in Hsu and Berger (1999, Section 2).
The simultaneous confidence intervals without multiplicity adjustment considered there essentially
correspond to using the fixed-sequence weights (16) in Algorithm 1, and the marginal confidence
regions (11) in (21), (22) and (18).

Variants of (20) and (22) can be obtained by restricting considerations to indexes in a pre-specified
subset M* of M of particular interest, i.e. to Cmþ1;1�a-inferences concerning the subvector qmþ1 of
ðq1; . . . ; qmÞ with component-indexes in M*. Then Cmþ1;1�a in (20) can be replaced by the direct
product of component regions Ci;1�a wiðMÞ=W , i 2 M*, where W ¼

P
i2M� wiðMÞ is assumed to be posi-

tive; whereas Cmþ1;1�a in (22) can be replaced by the direct product of component regions
ðqi;0 þ l* ; 1Þ, i 2 M*, where l* ¼ min fLi;1�a � qi;0 ; i 2 M*g. Such assertions about qi’s with
i 2 M* are at least as sharp as the corresponding assertions given by (20) and (22).

4 Illustrations

Two illustrations are now given using the weights wiðIÞ given by (15) for Holm’s MTP – one where
each qi 2 <, and one where each qi 2 <D. Modifications required for other experimental settings
and/or other MTPs based on weights wiðIÞ satisfying (13) should be evident.

4.1 Simultaneous confidence intervals aimed at showing that qi’s are positive

Suppose that one is interested in simultaneous 1� a confidence intervals for quantities q1; . . . ; qm in
< that: (a) are aimed at showing that qi’s are >0; and (b) indicate by how much one missed the
target assertion “qi > 0” through a lower confidence bound for qi whenever this target assertion can-
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not be made. As mentioned in connection with (6), an inequality qi > 0 may correspond to superiority
of one treatment relative to another with respect to a certain response characteristic, and the indexes
1 � i � m may then correspond to several response variables and/or several treatment comparisons.
(Of course, any target assertion originally of the form (6) or (7) can be changed into a target assertion
of positivity through substraction of qi;0 and/or change of sign.)

R�hmel et al. (2006) considered a related multiple-testing problem where two treatments are com-
pared and one is interested in showing non-inferiority for certain key variables and superiority for at
least one of them. The motivating example mentioned by R�hmel et al. (2006) was a confirmatory
clinical study where a drug A was to be compared to placebo P with respect to its pain-reducing
effect, and where for ethical reasons an established pain-reducing drug was used as rescue medication
(in case of too much pain for a subject – thus reducing the pain during the pain-assessment period for
the subject). Because the amount of rescue medication given to a subject is an indirect measure of the
subject’s pain, the A versus P comparison was formulated as a multiple-testing non-inferiority/super-
iority problem of the kind just mentioned with two variables: a variable Y1 reflecting pain, and the
amount Y2 of rescue medication given; assuming bivariate normality for Y1 and Y2 under each treat-
ment. R�hmel et al. (2006) proposed a certain hierarchical MTP, and made comparisons with various
previously proposed MTPs. In order to get directions right here, qi is defined as the ðP� AÞ-differ-
ence of true means of Yi, so that qi > 0 corresponds to A being superior to P. This example is now
used to illustrate how simultaneous confidence regions (18) for q1 and q2 are obtained and how they
behave.

Thus, suppose that in (1)–(5): m ¼ 2, Q1 ¼ Q2 ¼ <, and Ri’s and Ci;g’s with 1 � i � m are of the
form (21) with qi;0 ¼ 0. The desired simultaneous confidence level 1� a is chosen to be 1� 0:025,
because of the one-sided formulation of the problem.

Now, the following marginal-level 1� a=2 and marginal-level 1� a ordinary one-sided two-sample
t-intervals of the form (11) for q1 and q2 were reported by R�hmel et al. (2006):

C1;1�a=2 ¼ ð0:3141 ; 1Þ; C2;1�a=2 ¼ ð�1:3252 ; 1Þ;
C1;1�a ¼ ð0:5333 ; 1Þ; C2;1�a ¼ ð�1:0682 ; 1Þ: ð23Þ

Comparing these intervals with the target regions R1 ¼ R2 ¼ ð0 ; 1Þ, it is evident from (10) that the
corresponding p-values satisfy p1 � a=2 and p2 > a. It then follows from Algorithm 1 with weights
wiðIÞ specified as (15) for Holm’s MTP (assuming v1 ¼ v2 ¼ 1=2) that: IReject ¼ f1g, IAccept ¼ f2g,
and thus jIRejectj ¼ jIAcceptj ¼ 1 < m. The informative simultaneous 1� a confidence assertions result-
ing from (18) based on (23) then are “q1 2 C*1” ¼ “q1 2 R1” and “q2 2 C�2” ¼ “q2 2 R2 [ C2;1�a”,
i.e.

“q1 > 0” and “q2 > �1:0682” . (24)

R�hmel et al. (2006) mentioned that the non-inferiority (lower) limits �1 and �2 for q1 and q2,
respectively, were specified a priori. The simultaneous 1� a confidence assertions (24) thus enable us
to: (a) make the inference that A is non-inferior to P with respect to q1 and q2 because (24) implies
q1 > �1 and q2 > �2; (b) make the inference that A is superior to P with respect to q1 because (24)
implies q1 > 0; and (c) make the additional inference that q2 > �1:0682. It is appealing that an
inference can immediately be made from (24) about whether A is non-inferior to P with respect to q2

– for any alternative non-inferiority limits that one may be interested in.
Interestingly, R�hmel et al. (2006): (a) mentioned that a question that always arises in the context

of multiple testing is the search for adequate confidence intervals or confidence sets; and (b) recom-
mended (in view of the complexity of their hierarchical MTP, in case the correlation structure is
unknown) to use a simple Bonferroni approach. Clearly, C1;1�a=2 and C2;1�a=2 in (23) constitute such
simultaneous 1� a confidence intervals for q1 and q2, resulting in the assertions

“q1 > 0:3141” and “q2 > �1:3252”. (25)
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Note that the inference about q1 is sharper in (25) than in (24), whereas the inference about q2 is
sharper in (24) than in (25). Intuitively, this sharper inference about q2 is possible by not making an
inference sharper than necessary about q1 (as specified by the target assertion of positivity).

The m quantities qi are not in similar scales, so the choice (20) for qmþ1 and Cmþ1;1�a seems more
appropriate than (22). It is, however, informative to see how the regions (18) for q1 and q2 behave with
the choices (20) and (22) if the lower bounds of the intervals for q2 in (23) are translated somewhat
upwards. A translation by 1:1 leads to C02;1�a=2 ¼ ð�0:2252 ; 1Þ and C02;1�a ¼ ð0:0318 ; 1Þ, in which
case (20) leads to “q1 > 0:3141” and “q2 > 0”, whereas (22) leads to “q1 > 0:0318” and “q2 > 0:0318”.
A translation by 1:4 leads to C002;1�a=2 ¼ ð0:0748 ; 1Þ and C002;1�a ¼ ð0:3318 ; 1Þ, in which case (20)
leads to “q1 > 0:3141” and “q2 > 0:0748”, whereas (22) leads to “q1 > 0:3318” and “q2 > 0:3318”.

Finally, it is should be noted that these developments do not require that Y1 and Y2 are bivariate
normal – the t-intervals (23) require only marginal normality – and if appropriate, other assumptions
might have been used for the marginal distributions of Y1 and/or Y2, e.g. a shift model in combination
with non-parametric intervals (12). It should be evident how this application of Theorem 1 can be
adapted to other experimental settings, other kinds of data and distributional assumptions, and/or other
MTPs based on weights wiðIÞ satisfying (13).

4.2 Confidence regions corresponding to MTPs for sub-families Fi of H’s

The qi’s, Ri’s and Ci;g’s in (1)–(5) may be multi-dimensional. Each Ci;g may therefore correspond to a
local (i.e. marginal) MTP for a sub-family Fi of null hypotheses H that concern the components of qi.
This is now illustrated. First, a weighted version of the Holm-type MTP of Bauer et al. (1998, appen-
dix) for sub-families F1; . . . ; Fm of H ’s is given in Section 4.2.1. This useful MTP was originally
stated without weights for sub-families, but the version given here is a straightforward generalization.
Then, in Section 4.2.2, a clinical-study application of this Holm-type MTP is considered where a local
fixed-sequence MTP concerning qi-components is used within each Fi, and it is shown how the corre-
sponding confidence regions (18) provide extra “free” information.

4.2.1 A weighted version of the Holm-type MTP of Bauer et al. (1998, appendix)

Consider a multiple-testing situation with n null hypotheses grouped into m � 2 sub-families
F1; . . . ; Fm, where Fi consists of ni � 1 null hypotheses Hi;1; . . . ; Hi;ni . Suppose that for each
i ¼ 1; . . . ; m, an MTP is given for Fi that locally (i.e. marginally within Fi) has multiplicity-adjusted
(Westfall and Young, 1993) p-values ~ppi;1; . . . ; ~ppi;ni associated with Hi;1; . . . ; Hi;ni , respectively, such
that for any 0 < u < 1, the ð~ppi;1; . . . ; ~ppi;niÞ-based MTP for Fi that rejects Hi;j’s if and only if their
adjusted p-values satisfy ~ppi;j � u has multiple-level u. Note that such a local MTP for Fi does not
necessarily have to belong to the Hommel et al. (2007, Section 2.2) class of MTPs based on under-
lying marginal p-values. Set ~ppi ¼ max f~ppi;1; . . . ; ~ppi;nig, and note that this ~ppi can be viewed as a
p-value for the entire Fi in that for any 0 < u < 1, the ð~ppi;1; . . . ; ~ppi;niÞ-based MTP for Fi rejects all
Hi;j’s in Fi if and only if ~ppi � u. Moreover, let v1; . . . ; vm be positive weights summing up to 1
associated with the sub-families F1; . . . ; Fm, respectively. The role of the ~ppi’s and vi’s here is similar
to that of the pi’s and vi’s in Algorithm 1 with weights wiðIÞ given by (15) for Holm’s MTP. Algo-
rithm 2 is stated in terms of: the ~ppi;j’s and ~ppi’s just introduced, and the weights wiðIÞ given by (15) in
terms of the v1; . . . ; vm associated with F1; . . . ; Fm.

Algorithm 2 Step 1: Set I1 ¼ f1; . . . ; mg. If there is an index i1 2 I1 for which ~ppi1 � awi1ðI1Þ, then
reject the entire Fi1 and go to next step; otherwise, for each i 2 I1, reject all Hi;j’s within Fi for which
~ppi;j � awiðI1Þ, and stop.

Step r < m: Set Ir ¼ Ir�1 � fir�1g. If there is an index ir 2 Ir for which ~ppir � awirðIrÞ, then reject
the entire Fir and go to next step; otherwise, for each i 2 Ir, reject all Hi;j’s within Fi for which
~ppi;j � awiðIrÞ, and stop.
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Step m: Set Im ¼ Im�1 � fim�1g � fimg. Reject all Him;j’s within Fim for which ~ppim;j � a, and stop.

It is understood in Step 1 � r < m that if there are more than one i 2 Ir for which ~ppi � awiðIrÞ,
then ir may be chosen arbitrarily as any of these i’s. The set of rejected Hi;j’s is invariant under
different such choices. Moreover it is understood that Hi;j’s that are not rejected through Algorithm 2
are accepted. It is appealing that when entire Fi’s can no longer be rejected, it is still possible to
reject null hypotheses within each of the remaining non-rejected Fi’s. It can be verified that if each Fi

consists of a single null hypothesis Hi, Algorithm 2 is equivalent to Algorithm 1 with weights (15).
The important result here is that the Holm-type MTP defined by Algorithm 2 for the family of all

n ¼ n1 þ 	 	 	 þ nm null hypotheses Hi;j has multiple-level a. This can be shown through an extension of
the argument sketched by Bauer et al. (1998, appendix). Power properties are, of course, highly depen-
dent on how null hypotheses are grouped into Fi’s , and on the choice of local MTPs for these Fi’s.

4.2.2 Fixed-sequence local MTPs and confidence regions for qi-components

We now consider an interesting clinical-study application (Bauer, Brannath and Posch, 2001, Section
4.1) of the Holm-type MTP given by Algorithm 2, with m ¼ 2 families F1 and F2, and local fixed-
sequence MTPs within Fi’s. Suppose D doses t1 < 	 	 	 < tD of a drug are to be compared to a control
treatment t0 in two variables – an efficacy variable YE and a safety variable YS – with the aim of
showing that certain doses td are superior to t0 in YE and/or non-inferior to t0 in YS. Let

q1 ¼ ðq1;1; . . . ; q1;DÞ ¼ ðmYE
1 � mYE

0 ; . . . ; mYE
D � mYE

0 Þ ;
q2 ¼ ðq2;1; . . . ; q2;DÞ ¼ ðmYS

1 � mYS
0 ; . . . ; mYS

D � mYS
0 Þ ;

ð26Þ

where mYE
d � mYE

0 and mYS
d � mYS

0 are the true ðtd � t0Þ-differences in YE and YS. Let F1 consist of
“efficacy” null hypotheses H1;d : q1;d � 0 (to identify doses td with q1;d > 0), and F2 consist of
“safety” null hypotheses H2;d : q2;d � d (to identify doses td with q2;d < d, a given safety tolerance
limit). Moreover, let v1 and v2 be positive, possibly unequal, weights associated with F1 and F2.

Now, assume that for each 1 � d � D and 0 < g < 1: (a) the marginal-level g confidence interval
ðL1;d;g; 1Þ with L1;d;g ¼ q̂q1;d � tf1;d ;g sq̂q1;d

is specified for q1;d; and (b) the marginal-level g confidence

interval ð�1 ; U2;d;gÞ with U2;d;g ¼ q̂q2;d þ tf2;d ;g sq̂q2;d
is specified for q2;d. Here it is assumed that mar-

ginally for each index-pair ði; dÞ, q̂qi;d � Nðqi;d; s
2
q̂qi;d
Þ and s2

q̂qi;d
=s2

q̂qi;d
� c2

ðfi;dÞ=fi;d are independent; cf.

Example 1. The underlying marginal t-tests for H1;d and H2;d that correspond to these confidence
intervals have p-values satisfying

p1;d ¼ ðu such that L1;d;1�u ¼ 0Þ ;
p2;d ¼ ðu such that U2;d;1�u ¼ dÞ :

ð27Þ

It is anticipated (but not assumed – the proposed procedure is valid anyhow) that q1;1 � 	 	 	 � q1;D and
q2;1 � 	 	 	 � q2;D, so the fixed-sequence testing is specified to be downward in dose within F1, and up-
ward in dose within F2. In terms of (27), the local adjusted p-values introduced in Section 4.2.1 become

~pp1;d ¼ max fp1;j; d � j � Dg ; ~pp1 ¼ max fp1;j; 1 � j � Dg;
~pp2;d ¼ max fp2;j; 1 � j � dg; ~pp2 ¼ max fp2;j; 1 � j � Dg: ð28Þ

The Holm-type MTP defined by Algorithm 2 based on (28) can then be used to make rejections in the
total family of all n ¼ 2D null hypotheses in F1 and F2 at multiple-level a. As pointed out by Bauer
et al. (2001, p. 609), this MTP can identify doses td that: are effective and safe (H1;d and H2;d

rejected), effective but possibly not safe (H1;d rejected but not H2;d), and safe but possibly not effec-
tive (H2;d rejected but not H1;d).

Extra “free” information can be obtained through (18) with quantities in (1)–(5) as follows: D-
dimensional range-spaces Q1 ¼ Q2 ¼ <D for q1 and q2 in (26); D-dimensional rectangular target
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regions R1 ¼ ðREÞD and R2 ¼ ðRSÞD with RE ¼ ð0 ; 1Þ and RS ¼ ð�1 ; dÞ; null hypotheses
Hi : qi =2 Ri; marginal p-values pi equal to ~ppi in (28); and D-dimensional rectangular confidence re-
gions Ci;g for qi based on Hsu-Berger-type confidence intervals for the components of qi that corre-
spond to the fixed-sequence testing within Fi.

More precisely, the Ci;g’s are defined as follows. Let N1;g equal the number of indexes 1 � d � D
for which ~pp1;d in (28) is � 1� g, and let N2;g equal the number of indexes 1 � d � D for which ~pp2;d

in (28) is � 1� g. That is, N1;g equals the number of successive rejections of H1;d ’s downward in
dose made by the fixed-sequence MTP used locally within F1 with multiple level 1� g, and N2;g

equals the number of successive rejections of H2;d ’s upward in dose made by the fixed-sequence MTP
used locally within F2 with multiple level 1� g. The marginal-level g rectangular confidence regions
for q1 and q2 in (26) are given by

C1;g ¼
<D�1 
 ðL1;D;g ; 1Þ ; if N1;g ¼ 0 ;

<D�N1;g�1 
 ðL1;D�N1;g;g ; 1Þ 
 ðREÞN1;g ; if 0 < N1;g < D ;

ðLmin ;g; 1ÞD ; if N1;g ¼ D ;

8>><
>>: ð29Þ

C2;g ¼
ð�1 ; U2;1;gÞ 
 <D�1 ; if N2;g ¼ 0 ;

ðRSÞN2;g 
 ð�1 ; U2;N2;gþ1;gÞ 
 <D�N2;g�1 ; if 0 < N2;g < D ;

ð�1 ; Umax ;gÞD ; if N2;g ¼ D ;

8>><
>>: ð30Þ

where Lmin ;g ¼ min fL1;d;g; 1 � d � Dg and Umax ;g ¼ max fU2;d;g; 1 � d � Dg. Here components
equal to < in (29) and (30) are non-informative about the corresponding components of q1 and q2 –
they are included so that formally the Ci;g’s become D-dimensional, as the qi’s and Ri’s. For example,
with N1;g ¼ 0 in (29), the assertion “q1 2 C1;g” means “L1;d;g < q1;D” whereas nothing informative is
said about q1;1; . . . ; q1;D�1. It follows from Hsu and Berger (1999) that (29) covers q1, and (30)
covers q2, with marginal probability �g each; so (3) is satisfied. Moreover, it can be verified that (2)
and (4) are satisfied with pi equal to ~ppi in (28). For example, C1;1�u � R1 if and only if Lmin ;1�u � 0;
i.e. if and only if p1;d in (27) is � u for all 1 � d � D; i.e. if and only if ~pp1 in (28) is � u.

It can then be verified that with this choice of quantities in (1)–(5): (a) the simultaneous confidence
regions C*1 and C*2 given by (18) for q1 and q2 imply the same rejections of Hi;d ’s as the Holm-type
MTP defined by Algorithm 2 based on the p-values (28); and (b) in case not all n ¼ 2D null hypoth-
eses in F1 and F2 are rejected by this MTP (so that IAccept 6¼ ? in (18)), the extra “free” information
provided by C*1 and/or C*2 consists of the one-sided confidence bound for the qi;d that corresponds to
the first non-rejected Hi;d in the fixed sequence within each Fi that is not entirely rejected by the
MTP. For example: (a) if nothing is rejected in F1 and F2 (so that N1;1�a w1ðMÞ ¼ 0 and
N2;1�a w2ðMÞ ¼ 0), the extra “free” information consists in the assertions “L1;D;1�a w1ðMÞ < q1;D” and
“q2;1 < U2;1;1�a w2ðMÞ”; whereas (b) if the entire F2 is rejected but nothing is rejected in F1 (so that
N2;1�a w2ðMÞ ¼ D and N1;1�a ¼ 0), the extra “free” information consists in “L1;D;1�a < q1;D”. Here the
weights wiðMÞ are given by (15) with v1 ¼ v2 ¼ 1=2 and M ¼ f1 ; 2g, so w1ðMÞ ¼ w2ðMÞ ¼ 1=2. In
case all n ¼ 2D null hypotheses in F1 and F2 are rejected (so that jIRejectj ¼ m in (18)), extra “free”
information may be provided by C�mþ1 in (18) through the choice (20), i.e. through the two Bonferro-
ni-type assertions “q1 2 C1;1�a w1ðMÞ” and “q2 2 C2;1�a w2ðMÞ”, which mean “Lmin ;1�a w1ðMÞ < q1;d” for
all 1 � d � D and “q2;d < Umax ;1�a w2ðMÞ” for all 1 � d � D.

It should be evident how this application of Theorem 1 and the Holm-type MTP given by Algo-
rithm 2 can be adapted to other kinds of experimental settings, other kinds of data and distributional
asumptions, and/or other local MTPs controlling their multiple levels within F1; . . . ; Fm that do not
necessarily belong to the Hommel et al. (2007, Section 2.2) class of MTPs. A referee pointed out that
if all local MTPs within F1; . . . ; Fm belong to this class (as they do in the clinical-study example just
described), then it is possible to deduce this kind of results directly from (18) and Theorem 1, without
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introducing multidimensional Ci;g’s and locally adjusted p-values. Details about this are omitted here,
but briefly, the idea is to construct a new MTP in the Hommel et al. (2007, Section 2.2) class, with
appropriate rejections of Hi;j ’s in F1; . . . ; Fm, and with weights defined in terms of the wiðIÞ’s and
corresponding weights within Fi’s that satisfy the required conditions corresponding to (13).

5 Concluding Comments

The simultaneous confidence regions (18) are such that if jIRejectj < m, they do not provide more infor-
mation about the qi’s with i 2 IReject than the rejection assertions “qi 2 Ri” made by the underlying
MTP given by Algorithm 1. This drawback seems however difficult to overcome if the MTP is a-
exhaustive in the sense of Remark 2 in Section 2.2, which is the case for Holm’s (1979) MTP with
wiðIÞ’s given by (15). For MTPs that are not a-exhaustive in this sense, it is sometimes possible to
provide more information about qi’s with i 2 IReject if jIRejectj < m; see the last paragraph in this section.

This kind of drawback is present also with the simultaneous confidence bounds of Bofinger (1987) and
Stefansson et al. (1988, Section 2) mentioned initially in Section 1, see the discussion in Hsu (1996,
Section 3.1.1.2); and, of course, with the stepwise simultaneous confidence intervals without multiplicity
adjustment of Berger and Hsu (1999), because the underlying fixed-sequence MTP is a-exhaustive.

The 5th International Conference on Multiple Comparison Procedures (MCP 2007) took place in
Vienna, 9–11 July 2007. Interestingly, the organizers had put together a session where the author had
a presentation about parts of the results in this article, and Klaus Strassburger had a presentation about
results by him and Frank Bretz entitled Compatible Simultaneous Lower Confidence Bounds for the
Holm Procedure and Other Bonferroni Based Closed Tests. The article by Hommel et al. (2007) had
been published online some months earlier, and that article was referred to in both presentations. The
two approaches underlying the simultaneous confidence regions, as well as their formulation, are quite
different. However, as it appeared from Strassburger’s presentation, the comparable results in terms of
lower confidence bounds for real-valued q1; . . . ; qm are similar, though not identical, for MTPs in the
Hommel et al. (2007, Section 2.2) class that are a-exhaustive, e.g. for Holm’s (1979) MTP; whereas
for MTPs in this class that are not a-exhaustive, the approach by Strassburger and Bretz leads to
confidence assertions for rejected Hi’s that may be sharper than rejection assertions in case
jIRejectj < m. In practice, this may mean that at the planning stage of a confirmatory clinical study, one
may have to choose between prespecifying in the protocol either: (a) an MTP that is not a-exhaustive
for which confidence assertions are possible that may be sharper than rejection assertions for some
rejected Hi’s in case jIRejectj < m; or (b) a corresponding a-exhaustive MTP with potentially more
rejections and sharper confidence assertions for nonrejected Hi’s, but without sharper confidence asser-
tions than rejection assertions for rejected Hi’s in case jIRejectj < m, as illustrated by (24) versus (25);
cf. also Remark 3 in Section 2.2. The proof of the main result (19) is an extension of Holm’s (1979,
pp. 69–70) short direct proof in that the idea is to show that a certain unobservable event with prob-
ability �1� a (the intersection event in the third row of (32)) is a subset of the event that no erro-
neous assertions are made; whereas the partitioning principle (Finner and Strassburger, 2002) seemed
to be used in the other approach. If the MTP is not a-exhaustive, so that Pr ð

T
i2Tc ½qi 2 Ci;1�a wiðTÞ�Þ

can be <1, it is possible to extend the arguments in (32) to get assertions for rejected Hi’s that may
be sharper than rejection assertions in case jIRejectj < m – but this is outside the scope of this article.
Of course, not many details are provided in 20-minute presentations, so it will be interesting to study
and compare the two approaches when both are published. Anyhow, in view of the fact that simulta-
neous confidence regions corresponding to Holm’s (1979) MTP had been lacking for a long time, the
closeness in time of these two independent contributions was rather amazing.
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Appendix: Proof of Theorem 1

Suppose that the specified set of wiðIÞ’s used in Algorithm 1 satisfy (13). Let T be the unknown,
possibly empty, set of indexes 1 � i � m of true null hypotheses Hi : qi =2 Ri. Moreover, let A denote
the coverage event in (19), with complement

Ac ¼ ½qi =2 C*i for some 1 � i � mþ 1� : ð31Þ
The problem is to prove that Pr ðAÞ � 1� a, or equivalently, that Pr ðAcÞ � a.

Proof in case T ¼ ? Suppose that T ¼ ?, so that qi 2 Ri for all 1 � i � m. In view of (1) and
(18), this implies qi 2 Ri � C*i for 1 � i � m. Therefore, Ac in (31) equals the event ½qmþ1 =2 C*mþ1�,
which according to (17) and (18) has probability � a. This concludes the proof in case T ¼ ?.

Proof in case T 6¼ ? Suppose that T 6¼ ?, and recall that qi =2 Ri for all i 2 T . Then we have the
following relations between events

A � \mþ1
i¼1 ½qi 2 C*i� � \i2T ½qi 2 Ci;1�a wiðIAcceptÞ� \ ½T � IAccept�

� \i2T ½qi 2 Ci;1�a wiðTÞ� \ ½T � IAccept�
¼ \i2T ½qi 2 Ci;1�a wiðTÞ� :

ð32Þ

Here the � in the first row follows from (18) and the relation ½T � IAccept� � ½qmþ1 2 C*mþ1�. The � in
the second row of (32) follows from the fact that T � IAccept, together with (13) and (5), implies that
Ci;1�a wiðIAcceptÞ � Ci;1�a wiðTÞ for all i 2 T . The equality in the third row of (32) follows from

\i2T ½qi 2 Ci;1�a wiðTÞ� � \i2T ½Ci;1�a wiðTÞ 6� Ri�
� \i2T ½ðpi > awiðTÞ and wiðTÞ > 0 Þ or wiðTÞ ¼ 0�
� ½T � IAccept� :

ð33Þ

The � in the second row of (33) follows from (4). The � in the third row follows from the fact that
Algorithm 1 is equivalent to a closed-testing procedure based on the marginal level-a Bonferroni-type
test for intersection hypotheses HI ¼ \i2IHi that rejects an HI if and only if for some i 2 I, wiðIÞ > 0
and pi � awiðIÞ. More precisely, if the intersection event in the second row of (33) occurs, then HT is
not rejected by its marginal level-a Bonferroni-type test, so that no Hi with i 2 T is rejected by the
closed-testing procedure, i.e. the event ½T � IAccept� occurs. Finally, it follows from (3), (13), and
Boole’s inequality, that the intersection event in the third row of (32) has probability �1� a. This
concludes the proof in case T 6¼ ?.
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