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Energy

(like heat)

 Plasmas are the most common form of matter, comprising more than 99% of 

the visible universe. 

 Plasmas carry electrical currents and generate magnetic fields, due to their 

ions and electrons. 

A plasma is an ionized gas
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1. Plasma is formed of free electrons and ions

2. The mass of the electrons is 2000 times smaller 

than the mass of the ions i.e. me<< mi

3. Each of the species (e- and i+) has:

density, temperature, pressure and velocity

4. Most plasmas are quasi-neutral: ne≈ ni

5. A plasma in which the magnetic field is strong 

enough to influence the motion of the charged 

particles is said to be magnetized.

Main plasma properties:
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Plasma without a magnetic 

field: Particles get away 

from each other due to their 

thermal velocity.

Adding a magnetic field 

with parallel set of coils:

Particles trajectories tend to be 

parallel to B.

The need for a magnetic field to confine the plasma



Turbulence in Plasma Devices
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Experiments show that density gradient causes the 

onset of instabilities & turbulence perpendicular to B

The plasma density increases with the magnetic field          

Leading to steeper density gradients

-The level of fluctuations increases above a certain   

critical gradient, and the plasma becomes turbulent

- Fluctuations increase where the gradient is steepest

r [cm]
r [cm]
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Camera settings:

Integration time 1 ms

Time between frames 15 ms

32x32 pixels

Imaging density fluctuations in the cylindrical 

plasma



The Hasegawa Mima Model
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The equations used are the Navier-Stokes equations for e- and i+

Navier-Stokes Equations
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Properties of the Hasegawa-Mima model
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Derivation of the Hasegawa-Mima Equation

The momentum balance equation in the parallel direction leads to the 

adiabatic relationship

p = nT and Ti  0
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The velocity in the direction perpendicular to B

Using perturbation theory, we obtain the relationship between the 

velocity and the electrostatic potential f
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Using the continuity equation with the relationships 

found of the velocities and the density with the 

electrostatic potential



Mathematical Formulation
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Mathematical Formulation

Developing the Hasegawa-Mima equation derived in the previous section, 

and using the Poisson brackets, leads to a new expression of the equation, that is:
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Mathematical Formulation
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Mathematical Formulation
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Mathematical Formulation

is discretized using a 5-point stencil 

will be carefully discretized in order to maintain in the FD scheme the quadratic 

quantities of physical importance (Mean square vorticity and Kinetic energy)

An explicit scheme will be used to evolve the system in time



Discretizing the Hasegawa Mima 

Equation
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Discretizing the Hasegawa-Mima equation

We discretize the Poisson brackets using Arakawa’s Jacobian discretization

ILLUSTRATION

Vorticity (z) equation for two-dimensional incompressible flow:

where

Equation (1) can be written as:

The non-linear term 

is inside the

Poisson bracket

How to 

discretize the 

bracket ??

(1)
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Integral Constraints on the Jacobian

There are the following integral constraints on the Jacobian:

,       and       imply respectively that:

The mean vorticity, , the mean square vorticity,     , and the mean 

kinetic energy,              , are conserved with time.

Goal: Finite Difference (FD) for the 

Jacobian where we have 

Conservation of Energy

Conservation of Enstrophy  21

2
V z

21

2
K v
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Conserving Energy & Enstrophy: Requirements for 

the maintenance of the last two constraints on the 

Jacobian

The FD analogue of the Jacobian at (i,j) may be written in general as: 

It is convenient to define:

Then we have:

and

and

is maintained if

is maintained if

To avoid false production of square vorticity and kinetic energy, we set the 

following requirements for the last two constraints to be maintained:
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Thus,        is maintained if:

A requirement for the maintenance of the first 

constraint on the Jacobian

and

Because a Jacobian vanishes if one of its arguments is a constant, we require that:

The use of the condition on        gives:   

and

Combinations of the last two equations give a conservation form of the 

Jacobian that guarantees the maintenance of the first integral constraint.    
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A Unique Scheme

Consider a linear combination of the four 

basic finite difference analogues for a square 

grid. We obtain by linear combinations of

these four basic Jacobians a new Jacobian 

given by:       

where                                   .

The above expression of the Jacobian conserves mean square vorticity if 

and conserves energy if 

By the choice of                 and     one can obtain the forms of the Jacobian in 

the following table.
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Properties of Typical Jacobians
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The Final discrete Jacobian

• Preserves symmetry

• Conserves Energy

• Conserves Enstrophy



Tests and Results
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Nonlinear Solution for the HM Equation: 

The Modon Solution

The Hasegawa-Mima equation possesses a family of traveling wave solutions.

The simplest member of this family is a dipole vortex type solution, usually called a modon. 

A stationary solution to the non-linear equation referred to as a modon is given by:
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Test for Stationarity

Initial potential profile for the 

modon dipole vortex solution 

with a = 2, c = 10 and γ = 4.0914.

Four contour plots of the electrostatic potential, the 

modon, taken at different times t, with a time step      

τ = 0.0496 on a 128×128 grid.



Test for the conservation of generalized energy and 

enstrophy

For the Hasegawa-Mima equation, 

there are two conserved quantities.

The generalized energy

and the generalized enstrophy

(a) Plot for the relative generalized enstrophy as a function of time

(b) Plot for the relative generalized energy as a function of time
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Test for the Behavior of a Vortex Similar to a Modon 

and for Periodic Boundary Conditions

Plot of the initial potential profile

Plot of log(n0) where n0 is the initial 

density profile
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Theory of Plane-Wave solutions



Test for a Plane-Wave solution: the Sine wave
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The time evolution of the potential when a plane-wave solution is considered

No instabilities are detected



Several Physics Problems that illustrate the richness of 

the dynamics depending on the initial conditions 
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Plot of log(n0) where n0 is the initial 

density profile

Plot of the initial potential profile



Several Physics Problems that illustrate the richness of 

the dynamics depending on the initial conditions 
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Plot of log(n0) where n0 is the initial 

density profile

Plot of the initial potential profile

Time evolution of the electrostatic potential



Several Physics Problems that illustrate the richness of 

the dynamics depending on the initial conditions 
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Plot of log(n0) where n0 is the initial 

density profile

Plot of the initial potential profile
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Summary and Future Work

 The Hasegawa-Mima model is a reduced form of the Navier-

Stokes equations that simulates non-linear dynamics and

turbulence in magnetically confined 2D plasmas

 The simulation is done using doubly periodic boundary conditions, Arakawa’s         

method for the Jacobian discretization, and an explicit time discretization      

scheme.

 The correctness of the code is ensured by several tests

 Future work:

• Study the dynamics of the results

• Simulate another reduced plasma model 

that contains non-adiabatic electrons:

The Hasegawa-Wakatani Model

• Have the code parallelized to allow 

simulation of large devices


