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Natural-Convection Heat Transfer
in Channels With Isoflux Convex
Surfaces

FADL MOUKALLED and ISSAM LAKKIS
Department of Mechanical Engineering, American University of Beirut, Beirut, Lebanon

Numerical solutions are presented for laminar natural convection heat transfer in channels with convex surfaces that are
subjected to a uniform heat flux. Simulations are conducted for several values of Grashof number (10 to 104) and radius
of curvature (1 to ∞). The governing elliptic conservation equations are solved in a boundary-fitted coordinate system
using a collocated control-volume-based numerical procedure. The results are presented in terms of streamline and isotherm
plots, inlet mass flow rates, curved wall temperature profiles, maximum hot wall temperature estimates, and average Nusselt
number values. At the lowest radius of curvature, computations reveal the formation of recirculation zones in the exit section
for all values of Grashof number considered. For a radius of curvature equal to or greater than 2, recirculation does not
occur at any Grashof number. For values of radius of curvature between 1 and 2, the value of Grashof number at which
recirculation occurs decreases with increasing values of the former. The variation in the buoyancy-induced volume flow rate
is highly nonlinear with respect to the radius of curvature, and the value of the radius of curvature at which the volume flow
rate is maximum increases with increasing Grashof number. The value of radius of curvature at which the maximum hot
wall temperature is minimized increases with Grashof number. For all configurations studied, the average Nusselt number
increases with increasing Grashof number values. Correlations for maximum wall temperature and average Nusselt number
are provided.

INTRODUCTION

A large variety of industrial uses involve natural convection
flow in pipes and rectangular channels. In some of these appli-
cations, heat transfer in conduits bounded by curved planes is of
interest (e.g., flow in chimneys and fume hoods). In other appli-
cations, such as energy conservation in buildings, studies aimed
at determining the shape that optimizes natural convection heat
transfer are yet to be performed. The present investigation is
geared toward such applications and focuses on natural convec-
tion heat transfer in channels having curved walls (see Figure
1a). The configuration of interest arises in systems involving an
array of heat-generating devices that are submerged in liquid
to enhance cooling (Figure 1b) and are enclosed by shells. The
outer walls of any two consecutive shells form a channel with
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convex walls. The vertical adiabatic extensions shown in Figure
1b are used to guide the flow and/or to prevent the hot fluid
from flowing over other sensitive devices. A goal of this work
is to evaluate the effect of wall curvature on the flow and the
natural convection heat transfer, which are expected to be more
complex than their counterparts in straight vertical channels and
pipes. The complexity arises from the competing effects caused
by the increase in the flow cross-sectional area (channel ex-
pansion) and the heat transfer area (length of curved wall) as
compared to natural convection in a straight vertical channel of
equal height. The increase in the heat transfer area intensifies the
natural convection heat transfer, while an increase in the flow
cross-sectional area increases the adverse pressure gradient that
opposes the buoyancy-induced acceleration.

Many researchers have investigated [1–6] natural convection
heat transfer in straight vertical channels with several types of
boundary conditions imposed at the channel walls. Elenbaas
[1] and Bodoia and Osterle [2] studied experimentally and nu-
merically, respectively, the natural convection heat transfer in
straight vertical channels with isothermal walls. Aung et al.
[3] reported results in a channel with a prescribed heat flux
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1152 F. MOUKALLED AND I. LAKKIS

Figure 1 (a) Computational domain, (b) physical domain, (c) configuration studied by Manca et al. [19], (d) a typical control volume, and (e) grid network for
κ = 1.

boundary condition at the walls, while Sparrow et al. [4] and
Nieckle and Azevedo [5] analyzed the natural convection flow
in straight vertical channels with one isothermal wall and one
insulated wall. Haaland and Sparrow [6] presented a numerical
solution for natural convection in a vertical channel with a point
source and a distributed heat source placed at the inlet section.

Several studies dealing with natural convection in converg-
ing and diverging channels were also reported [7–13]. Work
in converging channels includes the experimental investigation
conducted by Kihm et al. [7] and the numerical investigations
reported by Said [8] and Kaiser et al. [9]. Research in converging
and in diverging channels includes the numerical computations
performed by Marcondes et al. [10] and Langellotto et al. [11],
and the experimental and numerical results generated by Spar-
row and Ruiz [12] and Shalash et al. [13].

To increase the buoyancy-induced mass flow rates and heat
transfer coefficients, unheated extensions were added to chan-
nels. Such configurations have been denoted in the literature
by the channel–chimney systems. Several researchers [14–20]
reported on the “chimney effect” in straight vertical channels.
Straatman et al. [14] conducted a numerical and experimental
investigation of free convection heat transfer in vertical channels
with isothermal walls. Their results indicated an enhancement in
heat transfer with adiabatic extensions. A correlation of average

Nusselt number in terms of the channel Rayleigh number, ex-
pansion ratio, and extension ratio was proposed. Auletta et al.
[15] and Manca et al. [16] studied experimentally the effect of
adding adiabatic extensions downstream from a vertical chan-
nel heated with a constant heat flux either symmetrically [15]
or asymmetrically [16]. Results presented in [15] revealed that
optimal enhancement in heat transfer is obtained with insulated
extensions that are about three times the channel height and
with an expansion ratio of around 2 for all configurations. Re-
sults documented in [16] indicate better system performance
with a larger chimney. Lee [17] investigated numerically the
effects of the unheated entry and unheated exit sections on nat-
ural convection heat transfer in vertical parallel plate channels
symmetrically heated at either a uniform temperature or a uni-
form heat flux. Results reflected larger heat transfer and higher
volume flow rate in an unheated exit section. Manca et al. [18,
19] performed experiments for natural convection of air in sym-
metrically and asymmetrically heated vertical channels with an
adiabatic extension and showed that for the largest aspect ratio
the adiabatic extensions lower the maximum wall temperature
of the channel. An experimental study exploring the effect of the
channel expansion and extension ratios on the buoyancy driven
flow in symmetrically heated vertical channel-chimney systems
was carried out by Auletta and Manca [20]. Campo et al. [21]

heat transfer engineering vol. 30 no. 14 2009



F. MOUKALLED AND I. LAKKIS 1153

investigated the effect on natural convection heat transfer of
appending insulated extensions at either the inlet or the exit
to a parallel-plate channel in which the walls are heated at a
uniform heat flux. Andreozzi et al. [22] conducted a numerical
study of natural convection heat transfer in a channel–chimney
system heated symmetrically at uniform heat flux. Andreozzi
et al. [23] analyzed the combined effects on natural convec-
tion heat transfer of placing an unheated auxiliary plate at the
inlet to and appending insulated extensions at the exit from a
parallel-plate channel symmetrically heated at a uniform heat
flux.

Pop and Takhar [24] and Magyari et al. [25] analyzed the free
convective flow over a heated two-dimensional curved surface.
Nakayama et al. [26] and Char and Chang [27] considered the
same problem for the situation where the heated curved surface
was embedded in a fluid-saturated porous medium and in a mi-
cropolar fluid, respectively. These studies demonstrated the ex-
istence of curved surfaces with temperature distributions, which
permit similarity solutions of the power-law type. The equation
of the corresponding shape curves was expressed either in terms
of a series expansion [24, 25] or in terms of Gauss’s hypergeo-
metric function [25].

The configuration selected for the current investigation (Fig-
ure 1a) is the one that was used by Moukalled et al. [28, 29] and
Lakkis and Moukalled [30] in their respective numerical studies
of mixed convection and natural convection heat transfer in a
channel with an isothermally heated convex surface bounded
by a vertical adiabatic extension. The same configuration could
also be seen as a variation of the work reported by Manca et al.
[19], whereby to increase heat transfer a sudden expansion of
the channel was suggested (Figure 1c). In this work a smooth
expansion is proposed.

The intent of this article is to extend the work reported in
[30] into situations where the convex surface is heated with a
uniform flux.

PHYSICAL MODEL AND GOVERNING EQUATIONS

A schematic of the physical domain under consideration is
depicted in Figure 1a. Because of symmetry, computations are
performed only on the right half of the channel. The curved wall
constitutes part of a circle with a radius of R and is heated with a
uniform flux of strength q̇w; the upper vertical wall is insulated.
The difference between the surrounding fluid temperature, T∞,
and the convex surface temperature, Tw(x, y), creates density
variations within the fluid and gives rise to the buoyancy forces
that move the flow into the channel through the bottom.

Upon defining the following dimensionless variables,

x = X

w
, y = Y

w
, κ = R/w

H/w
, u = ρUw

µGr1/2
, v = ρV w

µGr1/2
,

p = ρPw2

µ2Gr1/2
, θ = T − T∞

q̇ww/k
(1)

and employing the Boussinesq approximation, with the ther-
mophysical properties of the working fluid (considered to be
air) assumed to be constant, except for density variations in the
body force term, the equations, in dimensionless form governing
conservation of mass, momentum, and energy, are respectively
written as:

∂u

∂x
+ ∂v

∂y
= 0 (2)

Gr1/2

(
u

∂u

∂x
+ v

∂u

∂y

)
= ∂2u

∂x2
+ ∂2u

∂y2
− ∂p

∂x
(3)

Gr1/2

(
u

∂v

∂x
+ v

∂v

∂y

)
= ∂2v

∂x2
+ ∂2v

∂y2
− ∂p

∂y
+ Gr1/2θ (4)

Gr1/2

(
u

∂θ

∂x
+ v

∂θ

∂y

)
= 1

Pr

(
∂2θ

∂x2
+ ∂2θ

∂y2

)
(5)

The boundary conditions used are

∂u

∂y
= ∂v

∂y
= 0

p = p∞ = 0 and

⎧⎨
⎩

∂θ

∂y
= 0 if v ≥ 0

θ = 0 if v < 0
at y = 2H (6)

∂u

∂x
= ∂v

∂x
= ∂θ

∂x
= 0 at x = 0 (7)

u = v = ∂θ

∂x
= 0 at x = 1 + κ −

√
κ2 − H 2,

H ≤ y ≤ 2H (8)

u = v = 0 ∇θ · n = 1 at 1 ≤ x ≤ 1 + κ −
√

κ2 − H 2,

0 ≤ y ≤ H (9)

At the inlet, the domain is extended as shown by the dotted line
in Figure 1a, and the model for the inlet boundary condition pro-
posed by Naylor et al. [31], which is based on treating the flow
as a Jeffrey–Hamel flow [32], is adopted. With this approach,
the flow at the extended inlet circular boundary is assumed to
be normal at the boundary and directed toward the center point
O in Figure 1a. Moreover, if this boundary is placed far enough
from the heated wall, the temperature and radial stress can be
set equal to the surrounding fluid temperature T∞ and zero,
respectively. Mathematically this is expressed as

u · t = −p + 2∇u · n = 0 and θ = 0 for x2 + y2 = 52,

x ≥ 0, y ≤ 0 (10)

where n and t are unit vectors in the direction normal and
tangential to the inlet circular boundary, respectively.

heat transfer engineering vol. 30 no. 14 2009
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At the exit, the computational domain is not extended beyond
the outlet section of the adiabatic extensions. In their study of
natural convection heat transfer in parallel-plate channels using
a stream function and vorticity formulation, Andreozzi et al.
[22, 23] also extended the computational domain downstream
of the outlet section of the adiabatic extensions in order to
better estimate the edge effects at the system outlet zone. Since
a primitive variable formulation is adopted in this work, the
correct atmospheric pressure is imposed at the channel exit.
When combined with the fact that the height of the adiabatic
extensions considered in this work is equal to the height of
the convex channel, inaccuracies at the outlet section will have
negligible effects on the heated section.

SOLUTION PROCEDURE

The system of coupled conservation equations [Eqs. (2)–(5)]
subject to the boundary conditions [Eqs. (6)–(10)] is numerically
solved using a pressure-based finite-volume method. Solutions
are obtained by subdividing the physical domain, depicted in
Figure 1a, into a finite number of control volumes, each asso-
ciated with a grid point placed at its geometric center (Figure
1d). The partial differential equations [Eqs. (2)–(5)] are inte-
grated over each control volume, and profile approximations for
the diffusion [33] and convection (the SMART scheme [34] ap-
plied within the context of the NVSF methodology [35] is used
here) terms are made in each coordinate direction to replace the
derivatives by algebraic expressions. The integral value of the
source term over a control volume (Figure 1d) is evaluated by as-
suming the source at the control volume center to be equal to the
mean value over the whole control volume. The resulting system
of algebraic equations is then solved by a block Thomas algo-
rithm [36]. To evaluate the pressure field, a pressure correction

p′ (= p − p∗ , where p∗ is the solution from the previous it-
eration) is defined and a pressure correction equation is derived
by combining the momentum and continuity equations as in the
SIMPLE procedure of Patankar [36–38]. A collocated grid is
used in the present study, and checkerboard pressure and ve-
locity fields are suppressed through the use of the momentum
weighted interpolation method (MWIM) while calculating the
mass fluxes across the control volume faces [39].

Numerical Accuracy and Validation

Computations are performed using a mesh with 25,398 (83
× 306) grid points. The grid points are unevenly distributed
over the domain and concentrated near the walls where higher
gradients are expected (Figure 1e). The grid independence of the
results was verified by obtaining solutions in some selected cases
(κ = 1, 10 ≤ Gr ≤ 104) on a finer mesh with 57,360 (120 ×
478) grid points and comparing them to the predictions of the
coarser mesh (25,398 grid points). The comparison revealed that
the maximum differences in the average Nusselt number value
and in the buoyancy-induced volume flow rate were less than
0.012% and 0.01%, respectively. Conservation of the various
physical quantities was satisfied to within 10−6% in each control
volume.

The accuracy of the solution procedure already described
is established by comparing the average Nusselt number and
volume flow rate results obtained in a vertical channel with
similar ones reported by Lee [17] in Figure 2a. Noting that
values from [17] were extracted from a small plot, the two
solutions compare very well and are nearly identical.

As a further check for accuracy, numerical solutions are gen-
erated for natural convection heat transfer in a vertical chan-
nel asymmetrically heated at uniform heat flux, with adiabatic

Figure 2 (a) Comparison of average Nusselt number and buoyancy-induced volume flow rate for natural convection in a vertical straight channel with the
numerical data of Lee [17]. (b) Comparison of streamlines generated numerically with experimental ones reported in Manca et al. [19].

heat transfer engineering vol. 30 no. 14 2009
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extensions (Figure 2b). One extension is coplanar to the un-
heated wall, while the other one is offset with respect to the
heated wall, causing a sudden expansion of the channel. This
problem was analyzed experimentally by Manca et al. [19] and
results are obtained here for extension and expansion ratios of
1.5 and 2.5, respectively. The heat flux, the length of the heated
wall, and the width of the channel are set at 300 w/m2, 0.1 m,
and 0.02 m, respectively. Computed streamlines are compared
in Figure 2b with a snapshot of the flow field visualized exper-
imentally [19] by injecting smoke at the channel inlet from the
unheated side. As shown, the numerically generated flow field
is very similar to the experimentally measured one with the cold
inflow along the adiabatic wall captured correctly.

RESULTS AND DISCUSSION

The geometric parameters affecting the natural convection
heat transfer in this study are the channel aspect ratio (i.e.,
channel height to channel width ratio), the channel extension
ratio (i.e., heated channel height to extension height ratio), and
the channel radius of curvature (κ ), which is a measure of the
channel expansion ratio. In order to limit the number of cases

Figure 3 Streamlines (upper) and isotherms (lower) for various values of Gr with κ = 1.

to be studied, the channel aspect and extension ratios are fixed
at 10 and 1, respectively. The only geometric parameter that
is varied is the channel radius of curvature, which is assigned
18 different values (κ = 1, 1.025, 1.05, 1.075, 1.1, 1.15, 1.2,
1.25, 1.3, 1.35, 1.4, 1.45, 1.5, 2, 5, 20, 50, and ∞). On the other
hand, the thermophysical parameters in the problem are reduced
to the two dimensionless groups: the Grashof (Gr) and Prandtl
(Pr) numbers. Air is considered to be the working fluid and, as
such, the Prandtl number is assigned a value of 0.7 while the
Grashof number is varied and assigned the following six values:
Gr = 10, 102, 5× 102, 103, 5 × 103, and 104.

Results are presented in the form of streamlines, isotherms,
mass flow rate estimates, local and average Nusselt numbers,
and maximum wall temperature values.

Streamlines and Isotherms

The influence of Grashof number and hot wall curvature on
the flow and temperature fields is revealed by the streamline and
isotherm plots depicted in Figures 3–9. Figures 3 through 5 show
the effect of Grashof number on natural convection for given
values of the hot wall radius of curvature. Figures 6 through

heat transfer engineering vol. 30 no. 14 2009
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Figure 4 Streamlines (upper) and isotherms (lower) for various values of Gr with κ = 1.3.

9 reveal the effect of the hot wall radius of curvature on heat
transfer at a given Grashof number. Above each streamline map,
the range of the stream function over the domain is displayed.
Because the minimum value of θ is zero, only the maximum
value of temperature is displayed on the top of the isotherm
maps.

At the smallest radius of curvature considered (i.e., κ = 1),
for which the convex wall represents a quarter of a circle and
the expansion ratio is 10, the streamlines presented in Figure 3
reveal recirculation in the exit section at all values of Grashof
number. In general, the buoyancy-induced flow drifts toward the
hot wall and follows its curved contour. At low Grashof num-
ber values (Gr ≤ 102), one recirculation zone occurs in the exit
section with the recirculating fluid entering along the central
portion of the domain and leaving along the insulated wall. At
low values of Gr, buoyancy effects at the end of the expanded
section and near the axis of symmetry are not strong enough to
overcome the slowing-down effect of channel expansion, which
leads to the formation of one recirculation zone with the re-
circulating flow entering in the region surrounding the axis of
symmetry and leaving with the primary flow along the region

with the largest buoyancy effect, which is the curved (heated)
channel wall followed by the insulated wall. For Gr ≥ 5 × 102,
two recirculation zones are present in the exit section where the
entrained flow enters along the middle of the exit section and
splits into two parts; one part leaves the channel along the axis
of symmetry, while the remaining part leaves along the insulated
wall. In this case, the primary flow through the channel inlet is
also split into two parts, with one part leaving along the axis
of symmetry and the other part along the insulated wall. The
switching from one to two recirculation zones in the exit section
as Gr exceeds a threshold value (somewhere between 100 and
500) is an adaptation of the flow field in response to stronger
buoyancy effects enabling the flow near the axis of symmetry
to overcome the opposing pressure gradient imposed by the ex-
pansion of the channel. If the primary flow leaves along the two
streamlines coinciding with the channel wall on the right and the
axis of symmetry on the left, then the entrained flow, if it exists,
must enter somewhere between these two streamlines, causing
two recirculation zones to occur. Whether the entrained flow
exists or not is again decided by the interplay between the buoy-
ancy force pushing the fluid upward and the opposing positive

heat transfer engineering vol. 30 no. 14 2009
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Figure 5 Streamlines (upper) and isotherms (lower) for various values of Gr with κ = 5.

pressure gradient induced by expansion of the channel. More-
over, the range of stream function values displayed in Figure
3 indicates an increase in the strength of both the primary and
recirculating flows with increasing values of Grashof number
due to stronger buoyancy effects. For Gr = 10 and 104, a small
plot magnifying the inlet region to the channel is presented. As
depicted in Figure 3, no recirculation is noticed when Gr = 10
while a recirculation zone is formed at Gr = 104, which is in
accord with predictions reported by Naylor et al. [31] for natural
convection in a vertical channel and by Lakkis and Moukalled
[30] for natural convection in a channel with an isothermally
heated convex surface.

The increase in buoyancy effects with increasing Grashof
number values is further demonstrated by the isotherms dis-
played in Figure 3. At Gr = 10, the uniform distribution of
isotherms and the relatively high diffusion of heat upstream
from the heated section indicate dominant conduction heat trans-
fer mode. As Gr increases, upstream diffusion decreases and
isotherms become more clustered indicating stronger convec-
tion effects. At all values of Grashof number, temperature con-
tours imitate the flow field with the recirculation zones in the

exit section clearly reflected in the distribution of isotherms. Be-
cause the dimensionless temperature θ is inversely proportional
to Grashof number, as can be inferred from the definitions of
θ and Gr, its maximum value θmax over the domain, which oc-
curs on the heated convex wall, decreases as Grashof number
increases. The maximum dimensional temperature, however, in-
creases with Grashof number as it is proportional to the product
θ× Gr.

Results for a channel with an expansion ratio of nearly 5.7
(i.e., κ = 1.3) are presented in Figure 4. The streamlines dis-
played in the figure show that one recirculation zone is present
in the exit section for Grashof number values less than 103,
while no recirculation ensues at Gr ≥ 103. This is contrary to
the results reported in [30], for the isothermal wall boundary
condition, where recirculation in the exit section occurred at
high values of Grashof number. At low Grashof number val-
ues, buoyancy effects are not strong enough and consequently
the flow away from the hot wall cannot overcome the hydro-
dynamic effects resulting from the pressure increase due to the
gradual expansion of the channel. As Grashof number increases,
the buoyancy forces increase in strength and become capable of

heat transfer engineering vol. 30 no. 14 2009
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Figure 6 Streamlines for various values of κ with Gr = 102.

overcoming the slowing down effects of the positive pressure
gradient. In all cases, most of the entrained flow drifts toward the
hot wall and continues rising along the insulated vertical wall.
Again, the range of stream function values displayed in the fig-
ure indicates an increase in the flow strength with increasing
values of Grashof number.

At Gr = 10, isotherms presented in Figure 4 are uniformly
distributed and the upstream diffusion is considerable, which
indicates that conduction is the dominant heat transfer mode. As
Gr increases, isotherms become more clustered close to the wall,
signaling a higher contribution of convection to the total heat
transfer. This is demonstrated by the decrease in the maximum
temperature θmax as Grashof number increases. As discussed
earlier, larger Gr leads to a larger dimensional temperature which
is proportional to θ× Gr because the enhancement in convection
heat transfer at larger Gr values is not large enough to offset
the increase in temperature due to the larger heat flux at the
wall.

Results presented in Figure 5 are for a channel with a radius
of curvature of 5 (i.e., κ = 5). For this configuration, the rate
of expansion is small (≈2) and the effects of adverse pressure
gradient over the curved surface are smaller than the buoy-
ancy effects at all values of Grashof number. Consequently, no
recirculation exists for any of the cases studied and the maximum

absolute value of the stream function increases from 9.3 at Gr =
10 to 150.2 at Gr = 104. The isotherms of Figure 5 indicate that
conduction is dominant at low Gr values with convection effects
increasing with increasing values of Grashof number. Moreover,
θmax decreases from 2.3 at Gr = 10 to 0.55 at Gr = 104. This
rate of decrease in θmax is lower than the rate of increase in Gr
with a consequent increase in the maximum dimensional heated
wall temperature.

Results displayed in Figures 6–9 demonstrate the curvature
effects of the heated wall on the hydrodynamic and thermal
fields for Gr = 102 (Figures 6 and 7) and Gr = 104 (Figures 8
and 9). For Gr = 102 (Figure 6), recirculation in the exit section
occurs at κ ≤ 1.4. For lower expansion ratios (i.e., κ > 1.4)
the flow is buoyancy dominated so that it fills the entire chan-
nel cross section, inhibiting the formation of any recirculation
zone. The effect of recirculation for κ ≤ 1.4 on the isotherms
presented in Figure 7 shows that the temperature inside the re-
circulation zone is approximately equal to that of the ambient
fluid. For this Gr value, convection effects are low, as revealed
by the uniform spread of isotherms over the domain and the
upstream diffusion of heat at the inlet to the heated channel sec-
tion. Moreover, the maximum dimensionless wall temperature
decreases from a value of 2.19 at κ = 1 to 1.29 at κ = ∞ . This
is expected because the heated length of the channel decreases

heat transfer engineering vol. 30 no. 14 2009
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Figure 7 Isotherms for various values of κ with Gr = 102.

as κ increases. Because the Grashof number is constant, the
dimensional temperature Tmax also decreases as κ increases in
the same manner as θmax. For Gr = 104, the streamline maps
displayed in Figure 8 show the formation of two recirculation
zones in the exit section of channels for which κ ≤ 1.15. At
κ = 1, the strength of the buoyant flow moving through the
exit section is not great enough to overcome the adverse pres-
sure gradient throughout the entire section. In this case, the
rising fluid split into two streams, with one flowing over the hot
curved wall and then along the insulated vertical wall, while the
other moving vertically upward and leaving along the centerline
of the channel. As the expansion ratio of the channel decreases
(i.e., 1 < κ < 1.2), the strength of buoyancy causes the flow
entering the domain from the bottom section to drift toward the
hot curved wall and then to move in its vicinity and along the in-
sulated wall until it is discharged. For κ < 1.2, two recirculation
zones are formed in the exit section, with their shape dictated
by the difference between the strength of buoyancy and pres-
sure gradient. The stream function values presented in the figure
indicate that the strongest recirculation occurs at κ = 1.05. At
higher values of κ (i.e., at lower expansion ratio, κ > 1.15) the
flow through the expanded section is buoyant enough to fill the
entire channel exit section without recirculation. The strength of
convection heat transfer manifests itself by the dense clustering

of isotherms close to the hot surface. The packing of isotherms
decreases as the fluid moves along the hot wall (showing bound-
ary layer behavior); the decrease is higher at lower κ values
due to the longer distance the fluid has to travel. As depicted
in Figure 9, the maximum dimensionless wall temperature de-
creases from a value of 0.9 at κ = 1 to 0.48 at κ = ∞. As the
Grashof number remains constant, the dimensional temperature
also decreases as κ increases for the same reasons as stated
earlier.

In comparison with results presented in [30], for the isother-
mal wall boundary condition, the hydrodynamic and heat trans-
fer characteristics of the buoyancy-induced flow predicted here
are different. Although for some of the configurations stud-
ied in [30] separation of the flow moving along the concave
surface was reported with ambient recirculating air reaching
the concave surface, no separation is predicted for the uni-
form heat flux cases analyzed in this work. Even though re-
circulation occurs in the exit section, the entrained flow al-
ways drifts towards the hot wall and continues rising along
the insulated vertical wall. This behavior of the buoyancy-
induced flow has a profound influence on the temperature
field, and consequently the system’s heat transfer charac-
teristics, and justifies the need for undertaking the current
investigation.
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Figure 8 Streamlines for various values of κ with Gr = 104.

Volume Flow Rates

Another hydrodynamic parameter of interest in this study is
the dimensionless volume flow rate Q (for half the channel),
which is calculated at the inlet to the channel as

Q =
∫
S

u · ds (11)

The volume flow rates obtained using this equation are multi-
plied by Gr1/2 to get the actual strength (Q Gr1/2) and are plotted
in Figure 10 as a function of κ for different values of Grashof
number. At all values of the expansion ratio κ , plots indicate
an increase in the buoyancy-induced volume flow rate with in-
creasing Gr values due to the acceleration of the flow along the
heated curved wall. As shown in Figure 10, variations of the
volume flow rates with κ at a given Gr are highly nonlinear for
κ ≤ 1.5. This nonlinearity is attributed to the combined effects
of the channel expansion ratio and the buoyancy forces on the
flow field. A decrease in κ is associated with an increase in the
length of the heated wall, with a consequent increase in buoy-
ancy forces that drive the flow. On the other hand, a decrease
in κ results in an increase in the expansion of the channel, re-
sulting in a decrease in velocity and a corresponding increase in
pressure. Depending on whether the increase in the flow velocity
in the thermal boundary layer overwhelms the decrease in the

flow velocity due to the expansion of the channel, the volume
flow rate could either decrease or increase when κ varies, as
depicted in Figure 10. For κ > 1.5, Q Gr1/2 decreases with in-
creasing κ values, for a given Gr, due to a decrease in buoyancy
forces resulting from the reduced length of the curved heated
wall.

Convex Wall Temperatures and Nusselt Numbers

The predicted wall temperatures are plotted in Figure 11 as a
function of y, the location along the vertical height of the heated
convex wall. In these plots, values of θw× Gr rather than θw

are used in order to demonstrate the actual variation in the di-
mensional temperature. Figures 11a and 11b show the effect of
varying Grashof number on temperature profiles, while Figures
11c and 11d reveal the influence of the hot wall radius of cur-
vature. Plots in Figures 11a and 11b are for radii of curvature
(κ) of values 1 and 5, respectively. For both κ values, the wall
temperature level increases with increasing Gr number due to a
greater heat flux. At any Gr value, the wall temperature increases
as y increases due to the increase in the fluid temperature while
moving over the curved section of the hot wall. This increase
is explained as follows: With the heat flux being uniformly
distributed over the hot wall and the diffusion coefficient being
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Figure 9 Isotherms for various values of κ with Gr = 104.

constant, the normal gradient along the curved wall should re-
main constant. Because the fluid is continuously heated while
moving along the hot wall, its temperature increases. Thus for
the normal gradient to remain constant, the wall temperature
has to increase in the streamwise direction. Curves presented in
Figures 11c and 11d indicate a similar trend in results for both
Gr values with temperature profiles packing themselves in two
clusters. For Gr = 102 transition between the two clusters occurs
at κ = 2, while it takes place at κ = 5 for Gr = 104. The level
of temperature profiles increases with decreasing κ values due
to an increase in the length of the hot wall. The large increase in
temperature for κ = 1 near the edge of the hot wall is due to the
large change in the flow direction (from horizontal to vertical)
while negotiating the corner, the increase in the boundary layer
thickness (associated with a decrease in the average velocity in
the boundary layer), and the increase in the temperature of the
fluid by upstream heating.

An important design parameter is the maximum temperature
occurring over the hot wall. These temperatures are multiplied
by Gr and plotted as a function of κ at different Grashof num-
ber values in Figure 12a. At a given κ value, θmax× Gr esti-
mates increase with increasing Gr values due to greater heat
flux. Moreover, at a given Grashof number, θmax× Gr values
maximize at κ = 1 for which the length of the heated wall is
maximum, as stated earlier. Moreover, the value of κ at which

the temperature is minimum increases with Grashof number
(i.e., κ = 5 at Gr = 100 and κ = 50 at Gr = 104). For Gr ≥
100, θmax Gr values plotted in Figure 12a are correlated with
a maximum absolute error of less than 5.6% (r2 = .995) using

Figure 10 Variation of buoyancy-induced volume flow rate with κat different
Gr values.
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Figure 11 Curved wall temperature variation with y for different Gr values at (a) κ = 1 and (b) κ = 5 and for different κ values at (c) Gr = 102 and (d)
Gr = 104.

Figure 12 (a) Variation of maximum curved wall temperature values with κ at different Gr values. (b) Variation of average Nusselt Number values with κ at
different Gr values.
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the following equation:

θmax ∗ Gr = 3.445 ∗ (Gr)0.804

×
⎡
⎣(

1.753

sinh
(
1 + 1

κ

)
)7.449

− 0.016

sinh
(
1 + 1

κ

)
⎤
⎦−0.044

(12)

For comparison, estimates generated using Eq. (12) are dis-
played in Figure 12a along with the computed values.

Another heat transfer parameter of interest is the Nusselt
number (Nu). The local and average Nusselt number values
along the heated curved wall are calculated as

Nu = hw/k Nu = 1

�

�∫
0

Nu d� (13)

where w is the width of the channel at the inlet. Moreover, the
heat transfer coefficient h is defined as

h = k

w

1

θw

∇θw · n︸ ︷︷ ︸
=1

⇒ Nu = 1

θw

(14)

Because Nu = 1/θw, variations in the local Nusselt number
may be deduced from plots of θw shown in Figure 11. Average
Nusselt number values are plotted as a function of κ at different
Grashof and presented in Figure 12b. At a given κ value, Nu

increases as Gr increases due to increased heat flux. Variations
with κ for a given Gr show local minima and maxima at low κ

values. Moreover, at a given Grashof number, Nu is maximized
at a κ value that increases with increasing Gr. Based on Eqs.
(13) and (14), the two parameters that control the value of Nu

are the wall temperature and the length of the hot wall, which
are both related to κ . Since the heat flux at any location along
the heated wall is constant, the wall temperature distribution is
dictated by the temperature of the air in its vicinity, which is
greatly affected by the recirculation zone that may form in the
exit section. If recirculation occurs, it entrains colder fluid into
the channel leading to a lower wall temperature (q̇w is constant)
with a consequent increase in Nu . Similarly, an increase in the
expansion ratio is associated with an increase in the length of
the hot wall with a consequent decrease in the average Nusselt
number. The combined influence of the wall temperature and
the length of the hot wall may cause Nu to either increase
or decrease resulting in the distribution shown in Figure 10b.
Since at large κ values no recirculation occurs and the length
of the hot wall is nearly equal to that of a straight channel,
Nu remains nearly constant. For Gr ≥ 100, Nu values plotted
in Figure 12b are correlated to Gr and κ, with a maximum
absolute error of less than 8.8% (r2 = .991) using the following
equation:

Nu = 2

3
Gr1/6e−0.3/κ4/3

(15)

For comparison, estimates generated using Eq. (15) are dis-
played in Figure 12b along with the computed values.

CLOSING REMARKS

This article reported on a numerical investigation conducted
to study laminar natural convection heat transfer in channels
with isoflux convex surfaces. At a small radius of curvature
(κ ≤ 1.15), results revealed the formation of one or two recir-
culation zones in the exit section of the channel. At a higher
radius of curvature, one or no recirculation zone was observed
and the value of Grashof number at which recirculation occurred
increased until it disappeared at κ values greater than 2. Varia-
tions in the buoyancy-induced volume flow rates were found to
be highly nonlinear as a result of the competing effects of the
channel expansion ratio and the buoyancy forces. Moreover, it
was found that the radius of curvature (κ) at which the volume
flow rate is maximum increases with increasing Gr. The value
of κ at which θmaxGr is minimum increases with Grashof num-
ber. At low Grashof number values (Gr ≤ 102) the maximum
temperature is minimized in a channel with κ = 5, whereas it
is minimized in a channel with κ = 20 for Gr = 5 × 102 and
103, and κ = 50 for Gr = 5 × 103 and 104. The local Nusselt
number along the channel decreases in the direction of the flow
due to the fact that the wall temperature increases in a boundary
layer flow over a surface with constant heat flux. For all con-
figurations studied the average Nusselt number (Nu) increases
with increasing Grashof number values.

NOMENCLATURE

cp specific heat
g gravitational acceleration
Gr Grashof number (= gβρ2q̇ww4/µ2k)
h convection heat transfer coefficient
H height of curved channel section and of channel ex-

tension
k fluid thermal conductivity
� dimensionless length of hot wall
Nu local Nusselt number
Nu average Nusselt number
P dimensional pressure
p dimensionless pressure
p∞ surrounding pressure
Pr Prandtl number (= µcp

k
)

q̇w wall heat flux
Q volume flow rate
R radius of curvature
r2 regression coefficient of determination
s surface vector
T dimensional temperature
Tmax maximum dimensional temperature
T∞ dimensional surrounding temperature
Tw dimensional wall temperature
u, v dimensionless velocity components
U,V dimensional velocity components
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w channel inlet width
x, y dimensionless coordinates
X, Y dimensional coordinates

Greek Symbols

β thermal expansion coefficient
µ dynamic viscosity
ρ density
θ dimensionless temperature
θmax maximum dimensionless temperature
θw dimensionless wall temperature
ψ stream function
κ dimensionless radius of curvature
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