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NATURAL-CONVECTION HEAT TRANSFER IN CHANNELS
WITH ISOTHERMALLY HEATED CONVEX SURFACES

I. Lakkis and F. Moukalled
Department of Mechanical Engineering, American University of Beirut, Beirut,
Lebanon

This article reports on a numerical investigation conducted to study laminar natural-

convection heat transfer in channels with convex surfaces that are isothermally heated.

Six Grashof number (Gr) values (10eGre 104) and 11 radii of curvature (1e je1)

are considered. The results are displayed in terms of streamline and isotherm plots, center-

line pressure profiles, inlet mass flow rates, and local and average Nusselt number esti-

mates. At the lowest radius of curvature (j ¼ 1), computations reveal the formation of

recirculation zones in the exit section for all values of Grashof number considered. As

the radius of curvature increases, the Gr value at which recirculation occurs also increases,

until it disappears at j values greater than 1.5. For all configurations studied, the average

Nusselt number ðNuÞ results indicate an increase in heat transfer with increasing Grashof

number values. Moreover, the value of j at which ðNuÞ peaks increases with increasing Gr.

Inlet volume flow rate and average Nusselt number correlations are presented.

INTRODUCTION

Many engineering applications involve natural-convection flow in passages
bounded by curved surfaces. Examples include flow in chimneys, cooling of elec-
tronic equipment, and energy conservation in buildings aiming to optimize heat
transfer using innovative designs and architecture. However, most of the studies
reported have been confined to natural-convection heat transfer in rectangular chan-
nels and pipes. Natural convection in channels with curved entry surfaces has not yet
been seriously examined and therefore represents the focus of the present investi-
gation. The geometry selected for this study is a generic configuration (not specific
to any application) of a channel with convex heated walls (see Figure 1a). The flow
and heat transfer in such configurations are expected to be more complex than their
counterparts in straight vertical channels and pipes, because of changes in the flow
cross-sectional area and the potential for flow separation.

Several experimental and numerical investigations of natural-convection heat
transfer in straight vertical channels have been reported in the literature. Initial
numerical solutions employed a parabolic model [1, 2] of the conservation equations
because of the difficulty of implementing the inlet boundary condition in a full elliptic
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model [3–5]. Later developments in numerical techniques alleviated this constraint,
thereby allowing accurate predictions using the full Navier-Stokes equations.

An early numerical study of natural-convection heat transfer in straight verti-
cal channels with isothermal walls was conducted by Bodoia and Oesterle [1] using a

NOMENCLATURE

cp specific heat

g gravitational acceleration

Gr Grashof number

½¼gbq2ðTw � T1Þw3=m2�
h convection heat transfer coefficient

H height of curved channel section and

of channel extension

k fluid thermal conductivity

‘ dimensionless length of hot wall

Nu local Nusselt number

Nu average Nusselt number

p dimensionless pressure

P dimensional pressure

Pr Prandtl number ¼mcp=k
� �

R radius of curvature

s surface vector

T dimensional temperature

Tw dimensional wall temperature

T1 dimensional inlet temperature

u, v dimensionless velocity components

U, V dimensional velocity components

w channel inlet width

x, y dimensionless coordinates

X, Y dimensional coordinates

b thermal expansion coefficient

h dimensionless temperature

j dimensionless radius of curvature

m dynamic viscosity

q density

Figure 1. (a) Computational domain. (b) Physical domain. (c) Configuration studied by Manca et al. [16].

(d) A typical control volume. (e) Grid network for j ¼ 1.
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parabolic model. The Nusselt numbers calculated were in close agreement with
results obtained by Elenbaas [6]. Using the same parabolic model, Aung et al. [2]
reported results in the same geometry for both isothermal and prescribed heat flux
wall boundary conditions. Experiments were also performed to validate the numeri-
cal results. Sparrow et al. [7] analyzed the natural-convection flow in straight vertical
channels with one isothermal wall and one insulated wall.

Naylor et al. [3] presented a numerical study for steady two-dimensional lami-
nar free-convection flow between parallel isothermal plates including entrance effects
by solving the full elliptic forms of the Navier-Stokes and energy equations. Their
work included a novel technique for handling inflow boundary conditions that simu-
lates the induced flow more realistically. Maliska and Marcondes [4] employed an
elliptic formulation to solve for natural-convection flow in vertical channels and
reported flow reversal at the exit. Marcondes and Maliska [5] studied numerically
the natural convection heat transfer in straight and L-shaped channels, using an
elliptic solver, and proposed a method for the application of boundary conditions
at the channel inlet. Nieckle and Azevedo [8] reported experimental and numerical
results, with the numerical results obtained using parabolic and elliptic procedures,
on natural-convection in a channel with one wall at a prescribed temperature and
one wall insulated. Haaland and Sparrow [9] analyzed numerically the natural con-
vection in a vertical channel with a point source and a distributed heat source placed
at the inlet section.

Several investigations were also carried out in channels with downstream adia-
batic or unheated extensions, which have been referred to in the literature as the
channel–chimney systems. Straatman et al. [10] reported on an experimental investi-
gation, using a Mac-Zehnder interferometer, of natural convection in a straight
channel with isothermal walls. Measurements validating the numerical heat transfer
results showed a substantial increase in heat transfer rates due to the chimney effects.
A correlation of average values of Nusselt number in terms of values of channel
Rayleigh number, expansion ratio, and extension ratio was proposed. Fisher and
Torrance [11] studied experimentally the natural convection in a vertical channel–
chimney system with a heat sink. Experimental investigations to study the effect
of adding adiabatic extensions downstream from a vertical channel heated with a
constant heat flux, either symmetrically or asymmetrically, were carried out by
Auletta et al. [12] and by Manca et al. [13], respectively. The measured wall tempera-
ture profiles in [12] revealed that optimal enhancement in heat transfer is obtained in
insulated extensions that are about three times the channel height and for an expan-
sion ratio of around 2 for all configurations. Results reported in [13] indicate better
system performance with a larger chimney.

Manca et al. [14] reported experimental results of natural convection of air in
a symmetrically and asymmetrically heated vertical channel with an adiabatic
extension and showed the effect of the heating mode on the interaction of the
hot plume rising from the channel, the cold inflow, and the vortex region in the
chimney corner. Alutta and Manca [15] reported on the effect of the geometric
parameters (expansion and extension ratios) on the buoyancy-driven flow in sym-
metrically heated vertical channel–chimney systems and presented correlations for
local Nusselt number values. Manca et al. [16] carried out an experimental investi-
gation in an asymmetrically heated vertical channel, with a uniform heat flux
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boundary condition and downstream unheated parallel extensions. The results
reported indicated that for the largest height-to-width ratio, the adiabatic exten-
sions improved the thermal performance in terms of lowering the maximum wall
temperature of the channel.

Pop and Takhar [17] and Magyari et al. [18] analyzed the free-convective flow
over a heated two-dimensional curved surface. Nakayama et al. [19] and Char and
Chang [20] considered the same problem for the situation where the heated curved
surface is embedded in a fluid-saturated porous medium and in a micropolar fluid,
respectively. These studies demonstrated the existence of a family of curved surfaces
and of corresponding temperature distributions, which permit similarity solutions of
power-law type. The equation of the corresponding shape curves was expressed
either in terms of a series expansion [17, 19] or in terms of Gauss’s hypergeometric
function [18].

The configuration selected for the current investigation (Figure 1a) is the one
that was used by Moukalled et al. [21, 22] in their study of mixed-convection heat
transfer in channels with a heated curved surface bounded by a vertical adiabatic
wall. The curved wall could represent the sides of a shell enclosing a computer chip,
or a heat-generating device, submerged in liquid to enhance cooling (Figure 1b), and
the extensions are used to guide the flow and=or to prevent the hot fluid from flow-
ing over other sensitive devices. The same configuration could also be seen as a vari-
ation of the work reported by Manca et al. [16] whereby, to increase heat transfer, an
expansion of the channel was suggested (Figure 1c), with the expansion being sud-
den. In this work a smooth expansion to the desired level is suggested.

PHYSICAL MODEL AND GOVERNING EQUATIONS

Figure 1a illustrates schematically the physical situation considered in this
study. As a result of the symmetry, only half of the channel is considered. The curved
wall constitutes part of a circle with radius R. This part is maintained at a uniform
temperature Tw that is higher than the surrounding fluid temperature T1. The tem-
perature gradient creates density variations within the fluid and gives rise to the
buoyancy forces that drive the flow. The upper vertical section of the wall is assumed
to be insulated. The working fluid is selected to be air and enters the channel from
the bottom.

The equations governing the flow and heat transfer are those expressing the
conservation of mass, momentum, and energy. The flow is assumed to be laminar,
steady, and two-dimensional with constant fluid properties, except for the variations
induced in the body-force term. The transport equations are nondimensionalized
using the following dimensionless variables:

x ¼ X

w
y ¼ Y

w
j ¼ R=w

H=w
u ¼ qUw

mGr1=2

v ¼ qVw

mGr1=2
p ¼ qPw2

m2 Gr1=2
h ¼ T � T1

Tw � T1
ð1Þ

NATURAL-CONVECTION IN CHANNELS WITH CONVEX SURFACES 1179



With the above-stated assumptions and using the Boussinesq approximation, the
dimensionless equations governing transport of mass, momentum, and energy are
written respectively as

r � u ¼ 0 ð2Þ

Gr1=2ðu � ruÞ ¼ �i � rpþr � ru ð3Þ

Gr1=2ðu � rvÞ ¼ �j � rpþr � rvþGr1=2h ð4Þ

Gr1=2ðu � rhÞ ¼ 1

Pr
r � rh ð5Þ

The boundary conditions used are

qu

qy
¼ qv

qy
¼ 0 p ¼ p1 ¼ 0

qh
qy
¼ 0 if v � 0

h ¼ 0 if v < 0

8<
: y ¼ 2H ð6Þ

qu

qx
¼ qv

qx
¼ qh

qx
¼ 0 x ¼ 0 ð7Þ

u ¼ v ¼ qh
qx
¼ 0 x ¼ 1þ j�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 �H2
p

H � y � 2H ð8Þ

u ¼ v ¼ 0 h ¼ 1 1 � x � 1þ j�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 �H2
p

0 � y � H ð9Þ

The methodology for the inlet boundary condition proposed by Naylor et al. [3] is
adopted. For that purpose, the domain is extended as shown by the dotted line in
Figure 1a and, at the inlet to the extended section, a Jeffrey-Hamel flow is assumed
(for more details, the reader is referred to Batchelor [23]). Physically, the flow at the
extended circular boundary is assumed to be normal at the boundary and directed
toward the center point O in Figure 1a. In addition, if this boundary is placed far
enough from the heated wall, the temperature can be assumed to be equal to the sur-
rounding fluid temperature T1 and the radial stress can be set to zero. Mathemat-
ically this is expressed as

u � t ¼ �pþ 2ru � n ¼ h ¼ 0 0 � x � 5 �5 � y � 0 ð10Þ

where n and t are unit vectors in the direction normal and tangential to the surface,
respectively.

After calculating the velocity and temperature fields, the local and average
Nusselt numbers along the hot curved wall are calculated as

Nu ¼ hw

k
Nu ¼ 1

‘

Z ‘

0

Nu d‘ ð11Þ
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where w is the width of the channel at the inlet. Moreover, the heat transfer
coefficient h is defined as

h ¼ k

w
ðrh � nÞwall ) Nu ¼ ðrh � nÞwall ð12Þ

Another parameter of interest in this study is the dimensionless volume flow
rate Q (for half the channel), which is calculated at the inlet to the channel as

Q ¼
Z

S

u � ds ð13Þ

SOLUTION PROCEDURE

The system of coupled conservation equations [Eqs. (2)–(5)], subject to the
stated boundary conditions [Eqs. (6)–(10)] is solved numerically using a collocated
finite-volume method (FVM). Checkerboard pressure and velocity fields are elimi-
nated through the use of the momentum-weighted interpolation method (MWIM) for
the calculation of the mass fluxes across the control-volume faces [24]. The unknown
pressure field is obtained using the SIMPLE algorithm of Patankar [25–27]. Solu-
tions are generated by subdividing the physical space into a number of control
volumes with grid points placed at their geometric centers (Figure 1d). The discre-
tized equations are derived by integrating the conservation equations over a control
volume (Figure 1d) and then transforming the integrated equations into algebraic
ones by expressing the variation in the dependent variable and its derivatives in terms
of the grid-point values. The diffusion flux is discretized along each surface of the
control volume using the method described by Zwart et al. [28], while the convective
flux is calculated using the third-order SMART scheme [29] applied within the con-
text of the NVSF methodology [30]. In addition, the integral value of the source term
over the control volume P (Figure 1d) is evaluated by assuming the source at the con-
trol-volume center to be equal to the mean value over the whole control volume. The
set of algebraic equations is then solved iteratively using the tri-diagonal matrix
algorithm (TDMA) [25]. All computations are performed using nonuniform grids
with denser clustering near the walls, where boundary layers develop and high gra-
dients are expected. Grid networks (Figure 1e) are generated using the algebraic
transfinite interpolation technique [31].

Numerical Accuracy and Validation

To investigate the sensitivity of the solution to the grid used, solutions in some
selected cases were obtained on successively finer grids and the predicted mass flow
rates and average Nusselt numbers were compared. A final nonuniform mesh of size
25,830 grid points was used to generate all results presented in this article. The grid
points were concentrated close to solid boundaries, where large gradients are
expected (Figure 1c). The accuracy of the calculations was verified by comparing
computed profiles of velocity, temperature, and local Nusselt number using the
25,830 nonuniform grid with those obtained on a 57,600 nearly uniform grid.

NATURAL-CONVECTION IN CHANNELS WITH CONVEX SURFACES 1181



The maximum difference of the various quantities predicted was smaller than 0.01%.
Conservation of the various physical quantities was satisfied to within 10�6% in
each control volume. As a further check for accuracy, solutions in a vertical channel
were compared against similar ones reported by Naylor et al. [3] at a Grashof num-
ber of 104 and are presented in Table 1 and Figure 2. As shown in Table 1, the differ-
ences in the average Nusselt number and the volume flow rate between the two
solutions are 0.054% and 0.965%, respectively. Moreover, the local Nusselt number
distributions generated using two different grids are indistinguishable, fall on top of
numerical predictions reported in [3], and are in close agreement with experimental
measurements presented by Wirtz and Haag [32].

RESULTS AND DISCUSSION

The governing parameters in the problem are the Prandtl number (Pr), the
Grashof number (Gr), and the channel radius of curvature (j). Results are obtained

Table 1. Comparison between present numerical results and those of [3] for natural-convection in a

straight channel at a Grashof number of 104

Source Number of nodes Inlet domain radius Nu Q

Naylor et al. [3] 8,465 3 2.4055 2.084

Naylor et al. [3] 9,249 4 2.4046 2.076

Naylor et al. [3] 10,033 5 2.4040 2.073

Naylor et al. [3] 14,369 5 2.4046 2.073

Current 30� 383 ¼ 11,490 5 2.4162 2.049

Current 45� 574 ¼ 25,830 5 2.4059 2.053

Figure 2. Comparison of local Nusselt number variation with the numerical data of Naylor et al. [3] and

experimental data of Wirtz and Haag [32].
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for 11 radii of curvature (j ¼ 1, 1.1, 1.2, 1.3, 1.4, 1.5, 2, 5, 20, 50, and 1) and six
Grashof number values (Gr ¼ 10, 102, 5� 102, 103, 5� 103, and 104). Moreover,
the working fluid selected is air and the Prandtl number is assigned a value of 0.7.

Results are presented in the form of streamlines, isotherms, centerline pressure,
mass flow rate estimates, and local and average Nusselt number values.

Streamlines and Isotherms

Representative streamline and isotherm plots are displayed in Figures 3–7.
Figures 3–5 show the effects on the velocity and temperature fields of varying values
of Grashof number holding the curvature constant, while Figures 6 and 7 reveal the
influence of curvature on the flow and heat transfer characteristics at a given
Grashof number. Above each configuration, the minimum contour value, the
uniform increment between any two contours, and the maximum contour value
are displayed. On some of the streamline maps, additional streamlines are included
to better visualize the flow, and the corresponding values of the stream function are
displayed on the plots.

Figure 3 presents results for the case in which the curved wall is a quarter of a
circle (i.e., j ¼ 1). This radius of curvature results in an expansion ratio of 1:10 (i.e.,
ratio of outlet to inlet areas), which is the largest studied in this work. At all values
of Grashof number, two recirculation zones in the upper half of the domain (exit
section) occur. At values of Grashof number less than 103, most of the flow entering

Figure 3. Streamlines (upper) and isotherms (lower) for various values of Gr with j ¼ 1.
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Figure 4. Streamlines (upper) and isotherms (lower) for various values of Gr with j ¼ 1.3.

Figure 5. Streamlines (upper) and isotherms (lower) for various values of Gr with j ¼ 5.
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Figure 6. Streamlines (upper) and isotherms (lower) for various values of j with Gr ¼ 102.

Figure 7. Streamlines (upper) and isotherms (lower) for various values of j with Gr ¼ 104.
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the domain from the bottom separates and leaves the domain without moving over
the entire length of the curved surface. The distance along the curved wall at which
separation occurs increases with increased values of Grashof number. This behavior
is due to the fact that at low Grashof number values, buoyancy effects are relatively
low and cannot overcome the adverse pressure gradient along the curved surface
caused by the increase in the channel cross-sectional area. At high values of Grashof
number (�5� 103), buoyancy effects become strong enough for the flow in the lower
half of the domain to overcome the retarding pressure gradient effects and conse-
quently the flow moves over the entire curved wall without separating. For these rea-
sons, the bulk of the flow entering the domain leaves the channel along the central
portion for Grashof number values �103 and along its insulated wall for
Gr� 5� 103. For Gr ¼ 10 and 104, a small plot magnifying the inlet region to the
channel is presented. As depicted in Figure 3, no recirculation is noticed when
Gr ¼ 10, while a recirculation zone is formed at Gr ¼ 104, which is in accord with
predictions reported by Naylor et al. [3] for natural convection in a vertical channel.

Isotherms displayed in Figure 3 reflect the behavior described above. At
Gr ¼ 10, isotherms are uniformly distributed over the domain, indicating dominant
conduction heat transfer mode. This is further revealed by the preheating of the fluid
entering the domain at ambient temperature, evidenced by the diffusion of heat
upstream from the heated section. As Gr increases, upstream diffusion decreases
and isotherms become more clustered, indicating stronger convection effects. For
Gr� 103, temperature contours imitate the flow field, with the recirculation zones
in the exit section clearly reflected in the distribution of isotherms. As shown in
Figure 3, the temperature of the cold fluid entering the domain from the top
increases while moving downward and results in the temperature distribution dis-
played. For Gr� 5� 103, isotherms are condensed along the hot curved surface
and the insulated vertical wall of the channel, which indicates that most of the fluid
entering the domain from the bottom remains close to the wall until leaving the
channel. As expected, the densest clustering of isotherms is obtained at the highest
Gr value (i.e., Gr ¼ 104).

Figure 4 displays results for j ¼ 1.3. For this configuration, the expansion
ratio of the curved section is around 5.7. For Gr� 5� 103, the streamlines presented
in the figure do not reveal any recirculation at the exit, indicating that buoyancy
forces overcome the hydrodynamic effects, which result from the pressure increase
due to gradual expansion in the channel. Moreover the buoyancy-entrained flow
is discharged through the entire channel cross section. For Gr ¼ 10, the streamlines
follow the contour of the channel. As Gr increases, the velocity of the fluid in the
vicinity of the channel walls increases. For continuity to be satisfied, this near-wall
increase in velocity is associated with a decrease in velocity away from the wall.
As a result, the streamlines show that the flow drifts toward the channel wall. As
Gr increases to 104, the acceleration of the flow in the vicinity of the wall causes most
of the fluid induced by buoyancy to be discharged along the channel wall and
consequently causes the formation of a recirculation zone in the exit section of the
channel.

The thermodynamic characteristics of the flow can be inferred from the iso-
therms presented in Figure 4. At Gr ¼ 10, the isotherms are uniformly distributed
and the upstream diffusion is considerable, which indicates that conduction is the
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dominant heat transfer mode. As Gr increases, isotherms become more distorted,
which indicates a higher contribution of convection to the total heat transfer. The
denser clustering of isotherms along the channel wall reveals this in more detail.

Results presented in Figure 5 are for a channel with an expansion ratio �2
(j ¼ 5). For this configuration, the rate of expansion is small and the effects of
adverse pressure gradient over the curved surface are smaller than the buoyancy
effects at all values of Grashof number, consequently no recirculation exists in all
cases studied. The isotherms of Figure 5 indicate that conduction is dominant at
low Gr values, with convection effects increasing with increased values of Grashof
number. The tendency of the fluid to flow close to the hot walls for large values
of Gr is confirmed by the isotherm maps, which show behavior similar to the cases
discussed earlier.

The effects of the hot-wall curvature on the hydrodynamic and thermal fields
are depicted in Figures 6 and 7 for Gr values of 102 and 104, respectively. For
Gr ¼ 102 (Figure 6), recirculation in the exit section occurs at the highest expansion
value (i.e., the lowest radius of curvature, j ¼ 1). For lower expansion ratios (i.e.,
j > 1), the decrease in the adverse pressure gradient allows the flow to follow the
contour of the curved section more closely, as indicated by the streamlines displayed.
This is further confirmed by the isotherms presented in the figure, where the effect of
recirculation for j ¼ 1 is obvious. However, for this Gr value, convection effects are
low, as revealed by the uniform spread of isotherms over the domain and the
upstream diffusion of heat at the inlet to the heated channel section. For
Gr ¼ 104, the streamline maps displayed in Figure 7 show the formation of recircula-
tion zones in the exit section of channels for which j� 1.4. However, most of the
buoyancy-induced flow entering the domain from the bottom section moves in the
vicinity of the wall until it is discharged, indicating that there are strong convection
effects. As shown, the size of the recirculation decreases with increasing j for the rea-
sons stated above, until it fades away at j > 2. The strength of convection heat
transfer manifests itself by the dense clustering of isotherms close to the hot surface.
Packing of isotherms decreases as the fluid moves along the hot wall (showing
boundary-layer behavior); the decrease is higher at lower j values because of the
longer distance the fluid has to travel.

An important hydrodynamic parameter is the buoyancy-induced volume flow
rate. Volume flow rate values have been calculated at the inlet to the channel using
Eq. (13). To give the actual relative strength at different Grashof numbers, the vol-
ume flow rates obtained by Eq. (13) have been multiplied by Gr1=2. The results are
presented in Table 2. At all j values, the buoyancy-induced volume flow rate
increases with increasing Gr values from 10 up to 5� 103. This increase is due to
the increase in buoyancy, which accelerates the flow along the curved hot wall. When
Gr ¼ 104, a decrease in the volume flow rate, as compared to values obtained at
Gr� 5� 103, is noticed for values of j� 1.4, while it continues to increase for values
of j > 1.4. This behavior is credited to the combined effects of channel curvature
and buoyancy forces on the pressure. As the Grashof number increases, the velocity
increases, resulting in a decrease in pressure. Moreover, the expansion of the channel
results in an additional decrease in pressure. For the induced flow to exit the channel,
its static pressure should be at least equal to the atmospheric pressure. For this
increase to take place, the flow adjusts itself by increasing the size of the recirculation
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zone deeper inside the domain, which results in a decrease in the buoyancy-induced
volume flow rate. For the same reason, there exists at any Grashof number a j value
for which the mass flow rate is maximized; this value generally increases as Grashof
number increases.

For 102 � Gr � 5� 103, Q Gr1=2 values presented in Table 2 are correlated
with a maximum absolute error less than 4.15% via the following equation:

Q Gr1=2 ¼ aþ b

j
þ c

j3
þ d

j5
þ e

j7
ð14Þ

where

a ¼ 9:721þ 0:087123 Gr� 4� 10�5 Gr2 þ 5:51� 10�9 Gr3

b ¼ 45:388þ 0:25114 Gr� 1:3265� 10�4 Gr2 þ 1:81� 10�8 Gr3

c ¼ �129:707� 0:71878 Grþ 3:5693� 10�4 Gr2 � 4:88� 10�8 Gr3

d ¼ 219:576þ 0:99411 Gr� 4:7236� 10�4 Gr2 þ 6:48� 10�8Gr3

e ¼ �130:982� 0:49423 Grþ 2:3221� 10�4 Gr2 � 3:22� 10�8 Gr3

The above conclusions are confirmed by the pressure profile along the channel
centerline presented in Figure 8. In Figure 8a, results for the highest channel expan-
sion ratio (j ¼ 1) are presented. The plots indicate an increase in pressure drop at the
inlet to the channel as the Grashof number increases. The pressure gradually
increases in the diverging section and remains almost constant in the exit section,
where recirculation occurs. The rate of pressure increase in the diverging section is
such that its value at exit from this section is nearly equal to its value at the channel
exit for Grashof number �5� 103. For Gr ¼ 104, however, the rate of increase in
pressure is faster, reaching the exit value at nearly x ¼ 5, and remains constant there-
after. This behavior is due to the larger recirculation zone, which penetrates deeper
into the convex heated section of the channel, as explained earlier. For j ¼ 5 (Figure 8b),
because no recirculation occurs in the exit section, values of pressure at the inlet to

Table 2. Volume flow rate at the inlet section of the channel (Q Gr1=2)

Gr

j 10 100 500 1,000 5,000 10,000

1 7.85 25.19 60.47 84.91 139.90 140.50

1.1 7.69 36.74 77.53 104.48 180.55 86.74

1.2 10.76 36.90 77.93 105.25 181.64 162.95

1.3 10.61 36.98 78.29 105.59 181.64 152.68

1.4 10.45 37.00 78.58 105.84 181.50 159.60

1.5 10.31 36.97 78.83 106.12 182.54 191.78

2 9.65 36.22 78.97 105.71 178.66 198.14

5 7.09 30.13 68.97 95.49 178.01 217.86

20 4.27 21.98 51.76 72.67 149.46 194.69

50 3.53 19.51 46.83 65.90 137.94 182.82

Straight channel 3.01 17.65 43.18 60.92 128.74 172.56
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the exit section are lower than values obtained for j ¼ 1 and increase linearly in that
section to the desired value at the exit. The effects of the hot-wall curvature on the
centerline pressure profiles are displayed in Figures 8c and 8d for Gr ¼ 102 and
104, respectively. At low Gr value (Figure 8c), convection effects are low and pressure
variation is more dictated by the expansion ratio of the channel and consequently the
size of the recirculation zone in the exit section. At low expansion ratios (j� 2), the
pressure drop at the inlet increases with decreasing j until the size of the recirculation
zone necessitates lower pressure drops at the inlet so that the pressure at the exit is
equal to the atmospheric pressure. This occurs for the values of j < 2. At Gr ¼ 104

(Figure 8d), the same behavior is observed, with differences being clearer and the
decrease in pressure drop at the inlet to the channel starting at a slightly higher j value
(j ¼ 2) because of stronger convection effects.

Nusselt Numbers

Typical local Nusselt number variations ðNuÞ along the hot wall of the channel
are presented in Figure 9. Values are plotted as a function of their location along the
vertical height of the curved section (y). The effects of buoyancy forces on Nusselt
number distribution are displayed in Figures 9a and 9b for j ¼ 1 and 5, respectively.
For both j values, the Nusselt number level increases with increasing Gr number

Figure 8. Centerline pressure variation with channel height (y).
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values, indicating stronger convection effects. At any Gr value, the Nusselt number
decreases as the fluid moves over the curved section, because of the decreasing tem-
perature difference between the fluid and the hot wall. For j ¼ 1, an increase in Nu
is apparent at Gr < 5� 103 in the upper region of the hot wall (y > 8). This is the
location where the descending recirculating cold fluid meets the hot wall, as revealed
by the streamlines presented in Figure 3. This does not occur at high Gr values (for
j ¼ 1) because recirculation moves away from the wall toward the centerline of the
channel. The effects of the hot-wall convexity on the local Nusselt number values are
displayed in Figures 9c and 9d for Gr ¼ 102 and 104, respectively. As j varies at a
given Gr value, the two parameters that control the variation of Nusselt number
are the expansion ratio and the length of the hot wall. As the expansion ratio
increases, the average velocity in the channel decreases. However, the velocity in
the vicinity of the wall is also affected by recirculation that may form in the exit sec-
tion. The formation of recirculation zones may cause the fluid to either accelerate
and flow close to the wall, or separate from the wall and flow in the core region.
In addition, if recirculation occurs and reaches the hot wall, it will enhance heat
transfer and increase Nu. Therefore, channel expansion may either reduce or
increase convection heat transfer. Similarly, an increase in the expansion ratio is
associated with an increase in the length of the hot wall. Because the fluid is heated

Figure 9. Nusselt number variation with channel height (y).
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while moving over the hot wall, its temperature at a certain height is expected to
increase, with a consequent decrease in Nu, as j decreases. The relative influence
of the aforementioned effects results in the Nu distributions presented in Figures
9c and 9d.

Further insight on heat transfer can be inferred from Table 3, which presents
the average Nusselt number values for all the configurations studied. At a given j
value, Nu increases with increasing Gr values because of the higher buoyancy effects.
The effect of channel convexity on Nu is not as clear. For Gr� 102, Nu increases and
then decreases as j increases, with the maximum value occurring at j ¼ 2 for
Gr ¼ 10, and at j ¼ 5 for Gr ¼ 100. For 500� Gr� 103, variations in Nu are very
similar to the previously mentioned cases, with the maximum value being less appar-
ent and very close to the straight channel value. For Gr ¼ 5� 103, Nu increases
monotonically with j. For Gr ¼ 104, a local minimum for Nu is apparent within
an overall increasing trend as j increases. This Nu distribution is due to the compet-
ing effects of pressure drop resulting from the channel expansion ratio, recirculation
in the exit section, and curved wall length, as described above.

For Gr� 100, Nu values displayed in Table 3 are correlated with a maximum
absolute error less than 8.9% via the following equation:

Nu ¼ 0:4�Gr2=9 1þ 0:1

j
þ 0:8

j2

� ��1=2

ð15Þ

To infer whether channels with convex walls increase or decrease the total heat
transfer as compared to vertical channels with equal heated height, the average Nus-
selt number values are multiplied by the corresponding heated length of the channel,
and the percent difference in the total heat transfer for the various cases studied are
presented in Table 4. Values in the table are computed using

% difference ¼ 100
ðNu� ‘Þconvex � ðNu� ‘Þstraight

ðNu� ‘Þstraight

ð16Þ

Table 3. Average Nusselt number values over the hot curved wall of the channel

Gr

j 10 100 500 1,000 5,000 10,000

1 0.4182 0.8116 1.1400 1.3152 1.8147 2.2367

1.1 0.3975 0.8352 1.1337 1.3094 1.8410 2.5195

1.2 0.5098 0.8859 1.1904 1.3596 1.9184 2.5472

1.3 0.5271 0.9232 1.2337 1.4018 1.9788 2.6212

1.4 0.5393 0.9537 1.2691 1.4386 2.0291 2.6480

1.5 0.5473 0.9797 1.3000 1.4708 2.0659 2.6003

2 0.5598 1.0695 1.4164 1.6011 2.2430 2.7122

5 0.4785 1.1902 1.6621 1.8939 2.5532 2.9352

20 0.3076 1.1250 1.6981 1.9681 2.7312 3.1309

50 0.2585 1.0711 1.6783 1.9557 2.7432 3.1581

Straight channel 0.2267 1.0220 1.6589 1.9429 2.7462 3.1738

NATURAL-CONVECTION IN CHANNELS WITH CONVEX SURFACES 1191



where

‘ ¼ H for j ¼ 1
‘ ¼ Hj sin�1ð1=jÞ otherwise

�
ð17Þ

As shown in Table 4, an increase in natural-convection heat transfer is obtained at
all values of j for Gr� 102 and at all values of Gr for j ¼ 1. Moreover, estimates
indicate a decrease in heat transfer for 5� 102�Gr� 104 and 1 < j� 2.

CLOSING REMARKS

Laminar natural-convection heat transfer in convex channels was studied
numerically. The flow dynamics are governed by the interplay of buoyancy forces
arising from the temperature gradient and the opposing pressure gradient imposed
by the expansion of the channel. At the smallest radius of curvature (j ¼ 1), results
revealed the formation of two recirculation zones in the exit section of the channel at
all Grashof number values. At a higher radius of curvature, only one recirculation
zone was observed, and the value of Grashof numbers at which this recirculation
occurred increased until it disappeared at j values greater than 1.5. Recirculation
zones appear for large Gr and small j, due to the fact that the bulk of flow through
the channel inlet follows the curved wall, which together with the opposing pressure
gradient and the requirement of conservation of mass, forces one or more secondary
flow at the ambient temperature to enter through the channel outlet. With smaller
values of the expansion ratio and Grashof number, no recirculation zones were
observed because the opposing pressure gradient does not overcome the buoyancy
effects. The local Nusselt number along the channel decreases downstream as the
component of the temperature gradient, normal to the channel wall, decreases
(boundary-layer behavior). When recirculation zones exist and are strong enough
to reach the diverging channel wall, an increase in Nusselt number is obvious.
Because of the two opposing yet coupled effects of buoyancy and pressure gradient,
there exists an optimum value for the channel radius of curvature to yield a
maximum flow rate and a maximum average Nusselt number for a particular value

Table 4. Percent change in heat transfer compared to a straight channel of equal heated height

Gr

j 10 100 500 1,000 5,000 10,000

1 189.77 24.74 7.95 6.33 3.80 10.70

1.1 120.09 2.58 �14.22 �15.41 �15.85 �0.36

1.2 165.84 2.47 �15.17 �17.28 �17.42 �5.13

1.3 165.28 3.06 �15.15 �17.68 �17.79 �5.77

1.4 164.97 3.94 �14.79 �17.53 �17.70 �7.07

1.5 164.26 4.93 �14.22 �17.14 �17.66 �10.32

2 158.59 9.59 �10.59 �13.70 �14.47 �10.51

5 112.50 17.25 0.87 �1.86 �6.40 �6.89

20 35.74 10.12 2.41 1.34 �0.50 �1.31

50 14.03 4.81 1.18 0.67 �0.10 �0.49
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of Grashof number. For all configurations, the calculated average Nusselt number
ðNuÞ values increased with increasing Grashof numbers. Channels with convex
heated walls increased heat transfer at all values of j for Gr� 102 and at all values
of Gr for j ¼ 1, as compared to straight channels with equal heated heights.
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